MathQuest:Di erential Equations

What is a Dieren tial Equation?

1. Which of the following is not a di erential equation?
(@) y°= 3y
(b) 2x?y+y?=6
(€) tx& =2
(d) &Y+ 4%+ 7y+8x=0
(e) All aredierential equations.

2. Which of the following is not a di erential equation?
(@) 63—;’ + 3xy
(b) 8=
(€ 25 + 75 = f
(d) h(x) + 2h%x) = g(x)
(e) All aredierential equations.

3. Which of the following couldn't be the solution of a di erential equation?

(@ z(t)=6
(b) y=3x?+7
(c) x=0

(d) y=3x+y°

(e) All could be solutions of a di erential equation.

4. Which of the following could not be a solution of a di erential equation?
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5. Which of the following could not be a solution of a di erential equation?

@ f=2y+7

(b) q(d) = 2d> 6€°

(c) 6y?+ 2yx = P

(d) y= 4sin8 z

(e) All could be a solution of a di erential equation.

6. True or False?A di erential equationis a type of function.

(@) True
(b) False

7. The amourt of a chemicalin a lake is decreasingat a rate of 30% per year. If p(t) is
the total amourt of the chemicalin the lake asa function of time t (in years), which
di erential equation modelsthis situation?

(&) pAt)= 30
(b) pAt) = 0:30
) pPAt)y=p 30



(d) pXt) = 0:3p
(e) pYt) = 0:7p

8. The ewlution of the temperature of a hot cup of co ee cooling o in aroomis descriked
by ‘fj—{ = 0:01T + 0:6, whereT isin F andt is in hours. What are the units of the
numbers-0.01and 0.6?

(@ -0.01 F,and0.6 F

(b) -0.01per hour, and 0.6 F per hour
(c) -0.01 F perhour,and 0.6 F

(d) neither number has units

9. We wart to test the function z(x) = 4sin3x to seeif it solvesz%+ 2z°+ 4z = 0, by
substituting the function into the di erential equation. What is the resulting equation
before simpli cation?

(@) 36sin3x + 24cos3x + 16sin3x = 0
(b) 4sin3x + 8sin3x + 16sin3x = 0

(c) 36sin3x + 12cos3x + 4sin3x = 0.
(d) 4sin3x + 8cos3x + 4sin3x = 0

(e) none of the above

10. If we test the function f (x) = a€™ to seeif it could solve $- = cf2, which equationis
the result?

(@) & = cae®™

(b) abé* = cf?

(c) ae = cateldv’
(d) ab&* = cae®™
(e) abé* = cae™

(f) None of the above

11. We want to test the function f (x) = 3¢ + 6x to seeif it solves the dierential
equation g—x = 2f + 3x, sowe insert the function and its derivative, getting 6e* + 6 =
2(3e* + 6x) + 3x. This meansthat:

(a) This function is a solution.



(b) This function is a solution if x = 2=5.
(c) This function is not a solution.
(d) Not enoughinformation is given.

12. A bookstoreis constartly discardinga certain percenage of its unsold inverntory and
alsoreceivingnew books from its supplier sothat the rate of changeof the number of
booksin invertory is Bqt) = 0:02B + 400+ 0:05t, whereB is the number of books
andt is in months. If the store beginswith 10,000booksin invertory, at what rate is
it receivingbooks from its supplierat t = 0?

(a) 200books per month
(b) 400books per month
(c) -200books per month
(d) 900books per mornth

Slope Fields and Euler's Metho d

13. What doesthe di erential equation % = 2y tell us about the slope of the solution
curvesat at any point?

(@) The slopeis always 2.

(b) The slope is equalto the x-coordinate.

(c) The slope is equalto the y-coordinate.

(d) The slope is equalto two times the x-coordinate.
(e) The slope is equalto two times the y-coordinate.
(f) None of the above.

14. The slope eld below indicatesthat the di erential equation haswhich form?
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15. The slope eld below indicatesthat the di erential equation haswhich form?
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16. The slope eld below indicatesthat the di erential equation haswhich form?
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17. The arrowsin the slope eld below have slopesthat match the derivative y°for a range

of values of the function y and the independen variable t. Supposethat y(0) = O.

What would you predict for y(5)?
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(@) y(5)



(b) y(5) +3

() y®) O

(d) y®)< 5

(e) None of the above

18. The arrows in the slope eld below give the derivative y° for a range of valuesof the

function y and the independen variablet. Supposethat y(0) = 4. What would you
predict for y(5)?

@ y®d) 3
(b) y(3) +3
€y O

d y®)< 5

(e) None of the above

19. The slope eld below represets which of the following di erential equations?



(a) y°= yt

(b) y°= ¥
(c) y°= yt
@ y>= ¥

20. Considerthe di erential equationy®= ay+ bwith parametersa andb. To appraximate
this function using Euler's method, what di erence equation would we use?

(@) Ynsr = a@¥n + b

(b) Yn+1 =ynt+ayn t+bht
(€) Yn+1 = ay, t+b t

(d) ypse1 =y t+ay, t+b t

(e) None of the above
21. UsingEuler's method, we setup the di erence equationy,+; = y,+C t to approximate
a di erential equation. What is the di erential equation?

(@) y°= cy
(b) y°=c¢



(c) y=y+c
(d) yo=y+ct
(e) None of the above

22. We know that f (2) = 3 and we useEuler's method to estimate that f (2:5) 3:6,
whenin reality f (2:5) = 3:3. This meansthat betweenx = 2 and x = 2:5,

@ f(x)> 0.
(b) £qx) > 0.
(c) f%x) > 0.
(d) %) > 0.

(e) None of the above

23. Wehave usedEuler's method and t = 0:5to approximate the solutionto a di erential
equationwith the di erence equationy,.; = y,+ 0:2. We know that the functiony = 7
whent = 2. What is our approximate value of y whent = 3?

(@ y@@) 72
(b) y3) 74
(c) y38) 76
(d) y(3) 78

(e) None of the above

24. We have used Euler's method to approximate the solution to a di erential equation
with the di erence equationz,,; = 1:2z,. We know that the function z(0) = 3. What
is the approximate value of z(2)?

(@ z(2) 36

(b) z(2) 432

(c) z(2) 5:184

(d) Not enoughinformation is given.

25. Wehave usedEuler's method and t = 0:5to approximate the solutionto adi erential
equationwith the di erence equationy,.; = y, + t + 0:2. We know that the function
y = 7whent = 2. What is our appraximate value of y whent = 3?

(@ y@B) 74



(b) y(3) 114
(c) y(3) 119
(d) y(3) 129
(e) None of the above

26. We have a di erential equation for ?j—ﬁ we know that x(0) = 5, and we want to know
x(10). Using Euler's method and t = 1 we get the result that x(10) 252. Next,
we useEuler's method againwith  t = 0:5and nd that x(10) 14:7. Finally we use
Euler's method and t = 0:25, nding that x(10) 657. What doesthis mean?

(a) Thesemay all be correct. We needto be told which stepsizeto use,otherwisewe
have no way to know which is the right approximation in this cortext.

(b) Fewer stepsmeansfewer opportunities for error, sox(10) 252.

(c) Smallerstepsizemeanssmallererrors,sox(10) 657.

(d) We have no way of knowing whether any of theseestimatesis anywhere closeto
the true value of x(10).

(e) Resultslike this are impossible: We must have madean error in our calculations.

27. We have a di erential equationfor f {x), we know that f (12) = 0:833,and we wart to
know f (15). Using Euler's method and t = 0:1 we get the result that f (15) 0:275.
Next, we use t = 0:2and nd that f(15) 0:468. Whenwe use t = 0:3, we get

f(15) 0:464. Finally, we use t = 0:4 and we getf (15) 0:462. What doesthis
mean?

(a) Theseresultsappearto be corvergingto f (15) 0:46.
(b) Our bestestimateis f (15) 0:275.

(c) This data doesnot allow usto make a good estimate of f (15).

Separation of Variables

28. Which of the following di erential equationsis not separable?

(@) y°= 3sinx cosy

(b) y°= x*+ 3y
(c) yo= ey
(d) y°= 4x+ 7

(e) More than one of the above
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29. Which of the following di erential equationsis not separable?

(@) & =xt?2 4x
(b) & dx = 33

(c) ¢ dx = sin(2xt)
(d) & dx = t4In(5x)

30. Which of the following di erential equationsis separable?

(@) uu®= 2x+u
(b) 3ux = sin(u9
(©) sdg =1

(d) eu™® = g’

31. If we separatethe variablesin the di erential equation3z% = z?, what do we get?

(@) 3z 2dz=t 'dt

(b) 3tdt = z2dt

(c) 3z%dz = z3dt

(d) z= P 3z%

(e) This equation cannot be separated.

32. If we separatethe variablesin the di erential equationy®= 2y + 3, what do we get?

(@) § = 3dx

(b) dy 2y = 3dx

(c) ¥ = 5dx

() 2;’13 = dx

(e) This equation cannot be separated.

33. What is the solution to the di erential equation: g—i’ = 2xy:

(@) y=e"+C
(b) y= Ce”
(© y=e*+C
(d) y= Ce>

11



34. A plant grows at a rate that is proportional to the squareroot of its height h(t) { use
k asthe constart of proportionality. If we separatethe variablesin the di erential
equationfor its growth, what do we get?

(@) kh'=2dt = dh

(b) P hdh = kdt

(c) h**2dh = kdt

(d) h ¥2dh = kdt

(e) None of the above

Exp onential Solutions, Growth and Decay

35. A star's brightnessis decreasingat a rate equalto 10% of its current brightness per
million years. If Bg is a constart with units of brightnessand t is in millions of years,
what function could descrike the brightnessof the star?

(@) Bqt) = 0:1B(1)
(b) B(t) = Bo€

(c) B(t) = Boe "
(d) B(t) = Boe™™t
(e) B(t) = Boe™
(f) B(t) = 0:1Bot

36. A small compary grows at a rate proportional to its size,sothat c{t) = kc(t). We set
t = 0in 1990whenthere were 50 employees.In 2005there were 250employees. What
equation must we solwe in orderto nd the growth constart k?

(a) 50e?9%% = 250

(b) 50e' = 250

(c) 25k = 50

(d) 50e = 250

(e) Not enoughinformation is given.

37. What di erential equationis solved by the function f (x) = 0:4e*?

(@) I = 0:4f

12



(b) & = 2f

) & =2f + 04

d) & =04f +2

(e) None of the above.

38. Each of the graphs belov showv solutions of y° = k;y for a dierent k. Rank these
constarts from smallestto largest.

(@) Ko< Ky < Ka < K¢
(b) kg < ke < kp < ka
(€) ke < Ka < Kg < Ky
(d) ka < kp< ke < Ky

39. The function f (y) solvesthe di erential equationf ®=  0:1f and we know that f (0) >
0. This meansthat:

(@) Wheny increasedy 1, f decreasedy exactly 10%.

(b) Wheny increasedy 1, f decreasedy a little more than 10%.
(c) Wheny increasedy 1, f decreasedy a little lessthan 10%.
(d) Not enoughinformation is given.

40. The function g(z) solvesthe di erential equation g—g = 0:03g. This meansthat:

(&) gis anincreasingfunction that changesby 3% ewery time z increasedy 1.

13



41.

42.

43.

(b) gis an increasingfunction that changesby more than 3% ewery time z increases
by 1.

(c) gis an increasingfunction that changesby lessthan 3% ewery time z increases
by 1.

(d) g is a decreasingfunction that changesby more than 3% ewery time z increases
by 1.

(e) gis adecreasingunction that changesby lessthan 3% ewery time z increasesuy
1.

(f) Not enoughinformation is given.

40 grams of a radioactive elemen with a half-life of 35 days are put into storage. We
solve y®= ky with k = 0:0198to nd a function that describes how the amourt of
this elemen will decreaseover time. Another facility stores80 grams of the elemen
and we want to derive a similar function. When solvingthe di erential equation, what
value of k should we use?

(@) k = 0:0099
(b) k= 0:0198
(c) k= 0:0396

(d) None of the above

A star's brightnessis decreasingat a rate equalto 10% of its currernt brightness per
million years,soBYqt) = 0:1B(t), wheret is measuredn millions of years. If we warnt
t to be measuredin years,how would the di erential equationchange?

(@) Bqt) = 0:1B(1)
(b) Bqt) = 10°B(t)
(c) Bqt) = 10 ®B(t)
(d) Bqt) = 10 "B(t)
(e) None of the above

The solution to which of the following will approaty +1 asx becomesvery large?
(@ y°= 2y,y(0) =2

(b) y°= 01y, y(0) =1

(c) y°=6y,y(0)= 0

(d) y°=3y,y(0)= 3

14



(e) None of the above

44, yO= %y with y(0) = 2. As x becomedarge, the solution will

45,

46.

47.

48.

(a) divergeto +1 .

(b) divergeto 1

(c) approadt O from above.
(d) approad 0 from below.
(e) do none of the above.

Equilibria  and Stabilit y

The di erential equation ‘(’j—{ =(t 3)(y 2)hasequilibrium valuesof

(@ y= 2only

(b) t= 3only
(c)y=2andt=3

(d) No equilibrium values

Supposethat 3 is an equilibrium value of a di erential equation. This meansthat

(a) the valueswill approadt 3.

(b) if the initial valueis below 3, the valueswill decrease.
(c) if the initial valueis 3, then all of the valueswill be 3.
(d) all of the above.

We know that a given di erential equation is in the form y° = f (y), wheref is a
corntinuousfunction of y. Supposethat f (5) = 2andf( 1)= 6.

(a) y must have an equilibrium value betweeny = 5andy = 1.
(b) y must have an equilibrium value betweeny = 2andy = 6.
(c) This doesnot necessarilyindicate that any equilibrium value exists.

We know that a given di erential equation is in the form y° = f (y), wheref is a
corntinuousfunction of y. Supposethat f (10)= 0,f(9) = 3,andf (11)= 3.

15



(&) This meansthat y = 10is a stable equilibrium.
(b) y = 10is an equilibrium, but it might not be stable.
(c) This doesnot tell us for certain that y = 10is an equilibrium.

49. We know that a given di erential equation is in the form y° = f (y), wheref is a
corntinuousfunction of y. Supposethat f (6) = 0O, f (14) = 0, and y(10) = 10.
(a) This meansthat y(0) must have beenbetween6 and 14.
(b) This meansthat y(20) = 0 is impossible.
(c) This meansthat y(20) = 20is impossible.
(d) All of the above.
(e) None of the above.

50. We know that a given di erential equation is in the form y° = f (y), wheref is a
cortinuous function of y. Supposethat f (2) = 3 and that y(0) = 0. Which of the
following is impossible?

(@) y(10)= 6
(b) y(10)= 6
(c) y( 10)=6
(d) y( 10)= 6

(e) All of theseare possible

51. We know that a given di erential equation is in the form y° = f (y), wheref is a
cortinuousfunction of y. Supposethat f (5) = 2, f (10) = 4, and that y(10) = 3.
(@) y(0) must be below 5.
(b) y(20) must be below 5.
(¢) y(5) could be above 10.
(d) y(15) must be lessthan 3.

52. A di erential equationhasa stable equilibrium valueof T = 6. Which of the following
functions is de nitely not a solution?

(@) T(t)=5e %+ 6

(b) T(t)= 4e 2+ 6

(c) T(t) = 4e+ 10

(d) They could all be solutions

16



53. Considerthe di erential equation $- = sin(f )

(@) f = 0is a stable equilibrium.
(b) f = 0is an unstable equilibrium.
(c) f = 0is not an equilibrium.

54. Considerthe di erential equation g—x = af + b, wherea and b are positive parameters.
If we increaseb, what will happen to the equilibrium value?

(@) it increases

(b) is decreases

(c) it stays the same

(d) not enoughinformation is given

55. Supposethat ‘é—’t’ = f (y), which is plotted belon. What are the equilibrium values of
the system?

@ y= % is the only equilibrium.
(b) y= 1landy= 2areboth equilibria.
(c) Not enoughinformation is given.

56. Supposethat ‘3—{ = f (y), which is plotted belon. What canwe say about the equilibria

of this system?

17



(@) y= Oisstable,y = 2 areunstable.

(b) y = Ois unstable,y = 2 are stable.

(c) y= 2;0arestable,y = 2 is unstable.
(d) y= 2isunstable,y = 0;2 are unstable
(e) None of the above

57. True or False Could a di erential equation have in nitely many equilibria?

58. True or False Could a di erential equation have in nitely many equilibria over a
nite range?

59. Considerthe di erential equation g—x = af + b, wherea and b are non-negatiwe param-
eters. This equation would have no equilibrium if

(@ a=0
(b) b=0
(c)a=1

(d) More than one of the above

60. What is the equilibrium valueof € = 1g+ 3¢#?

(a) This systemis at equilibrium wheng = 6€*.

(b) This systemis at equlibrium whenz = In 2 .

18



(c) Both aand b aretrue.
(d) This equation hasno equlibrium.

61. The gure below plots seweral functions which all solve the di erential equationy®=
ay + b. What could be the valuesof a and b?

(@ a=1,b=3

(b) a=2,b= 6

(c)a= 1,b= 3

(d a= 2,b=6

(e) b= 3 but ais not easyto tell

62. The gure below plots seeral functions which all solwe the di erential equation g—i’ =
ay + b. What could be the valuesof a and b?

(@ a=05b=2
(b) a= 05,b= 2

19



63.

64.

65.

(c) a= 05,b=2
(d a= 05b= 2
(e) None of the above are possible.

First Order Linear Mo dels

Water from a thunderstorm ows into a reserwir at a rate given by the function
g(t) = 25 % whereg is in gallons per day, and t is in days. The water in the
resenoir evaporates at a rate of 2.25% per day. What equation could descrike this
scenario?

(@ fqt) = 0:0225 + 250 o
(b) fqt) = 0:.0225(25@ %)
(c) fqt) = 0:9775 + 250 I
(d) None of the above

The state of ripenessof a bananais descrited by the di erential equation R{t) =
0:05(2 R) with R = 0 correspnding to a completely greenbananaand R = 1 a
perfectly ripe banana. If all bananasstart completely green,what value of R describes
the state of a completely black, overripe banana?

(a R=0:05
(b) R=3
(c)R=1
d R=2
(e) R=14

(f) None of the above.

The ewlution of the temperature T of a hot cup of co ee cooling o in a room is

descrited by %—I = 001T + 0:6, whereT isin F andt is in hours. What is the

temperature of the room?
(@) 0.6

(b) -0.01

(c) 60

(d) 0.006

20



(e) 30
(f) noneof the above

66. The ewlution of the temperature of a hot cup of co ee coolingo in aroomis described

by %—I = 0:.0L(T 60),whereT isin F andt isin hours. Next, we add a small heater

to the co ee which addsheat at arate of 0.1 F per hour. What happens?

(a) There is no equilibrium, sothe co ee getshotter and hotter.
(b) The co ee readhesan equilibrium temperature of 60 F.

(c) The co ee reathesan equilibrium temperature of 70 F.

(d) The equilibrium temperature becomesunstable.

(e) None of the above

67. A drug is being administered intravenouslyinto a patient at a certain rate d and is

breaking down at a certain fractional rate k > 0. If ¢(t) represets the concenration
of the drug in the bloodstream, which di erential equationrepresets this scenario?

(@ £= k+d
(b) &= ke+d
(c) £=kec+d
(d) £=cd k)

(e) None of the above

68. A drug is being administered intravenouslyinto a patient. The drug is owing into

69.

the bloodstream at a rate of 50 mg/hr. The rate at which the drug breaksdown is
proportional to the total amourt of the drug, and when there is a total of 1000 mg
of the drug in the patient, the drug breaksdown at a rate of 300 mg/hr. If y is the
number of milligrams of drug in the bloodstreamat time t, what di erential equation
would descrite the ewlution of the amourt of the drug in the patient?

(@) y°= 0:3y+ 50
(b) y°= 0:3t+ 50
(c) y°= 0:7y + 50

(d) None of the above

The amourt of adrug in the bloodstreamfollowsthe di erential equationc®=  kc+ d,
whered is the rate it is beingaddedintravenouslyand k is the fractional rate at which
it breaksdown. If the initial concerttration is given by a value ¢(0) > d=k, then what
will happen?

21



(a) This equation predicts that the concertration of the drug will be negative, which
is impossible.

(b) The concertration of the drug will decreaseuntil there is noneleft.

(c) This meansthat the concetration of the drug will get smaller, until it reades
the level c = d=k, whereit will stay.

(d) This concetration of the drug will approad but newer read the level d=k.

(e) Becausec(0) > d=k this meansthat the conceiration of the drug will increase,
sothe dosed should be reduced.

70. The amourt of adrug in the bloodstreamfollowsthe di erential equationc®=  kc+d,

whered is the rate it is beingaddedintravenouslyand k is the fractional rate at which
is breaksdown. If we doublethe rate at which the drug owsin, how will this change
the equilibrium value?

(@) It will be doublethe old value.
(b) It will be greaterthan the old, but not quite doubled.
(c) It will be morethan doubled.

(d) It will be the same.
(e) Not enoughinformation is given.

71. If we construct an electric circuit with a battery, a resistor, and a capacitor all in

72.

series,then the voltage is described by the equation Vpg: = % + | R. Here Vg Is the
voltage producedby the battery, and the constaris C and R give the capacitanceand
resistancerespectively. Q(t) is the chargeon the capacitorand| (t) = ‘fj—? is the current
o wing through the circuit. What is the equilibrium charge on the capacitor?

(@) Qe = VbhaC
(b) Qe = Vbhar=R
(c) Qe=10

(d) Not enoughinformation is given.

If we construct an electric circuit with a battery, a resistor, and a capacitor all in
series,then the voltage is described by the equation Vpg: = % + | R. Here Vg Is the
voltage producedby the battery, and the constaris C and R give the capacitanceand
resistancerespectively. Q(t) is the chargeon the capacitorand| (t) = ‘fj—? is the current

o wing through the circuit. Which of the following functions could descrike the charge
on the capacitor Q(t)?

(@) Q(t) = 5e ==¢
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(b) Q(t) = 4e R+ VpuC
(©) Q) = 3e "FC VhaC
(d) Q(t) = 6e "RC + VpuC
(e) None of the above

73. If we construct an electric circuit with a battery, a resistor, and a capacitor all in
series,then the voltage is described by the equation Vy,; = % + | R. Here Vg is the
voltage producedby the battery, and the constaris C and R give the capacitanceand
resistancerespectively. Q(t) is the chargeon the capacitorand| (t) = ‘L—? is the current
o wing through the circuit. Which of the following functions could descrile the currert
o wing through the circuit 1 (t)?

(@) I(t) = 5e ¥R

(b) 1(t) = e "'+ VouC
(c) 1(t) = 3e BRC VuC
(d) 1(t) = 6e ¥R + V,C
(e) None of the above

Logistic Mo dels

74. Considerthe function P = % whereA = (L Py)=P,. Supposethat P, = 10,

+Ae Kkt

L = 50, and k = 0:05, which of the following could be a graph of this function?

75. The following graphsall plot the function P = m. The function plotted in which
graph hasthe largestvalue of L?
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L
1+Ae k-

76. The following graphsall plot the function P =
graph hasthe largestvalue of k?

The function plotted in which

_ L
1+Ae kt

77. The following graphsall plot the function P =
graph hasthe largestvalue of A?

. The function plotted in which
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78. Considerthe di erential equation‘fj—Ft> =kP 1 % , calledthe logistic equation. What
are the equilibria of this system?

i. k= 0is a stable equilibrium.

ii. L = 0is an unstableequilibrium.
iii. P =L is a stableequilibrium.

iv. P = 0is an unstable equilibrium.
v. P = L is an unstable equilibrium.
vi P = 0O is a stable equilibrium.

(@) i
(b) i
(c) Both iii andv
(d) Both v and vi
(e) Both ivandv
(f) Both iii andiv

79. The population of rainbow trout in a river systemis modeledby the di erential equa-
tion P°= 0:2P 4 10 5P2. What is the maximum number of trout that the river
systemcould support?

(a) 4 10 trout
(b) 4,000trout
(c) 5,000trout

(d) 25,000trout
(e) Not enoughinformation is given
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80. The solution to the logistic equation ‘L—Ft’ =kP 1 { isP= —L -, whereA =

(L

1+ Al
Po)=Py. If we are modeling a herd of elk, with an initial popufation of 50, in a

region with a carrying capacity of 300, and knowing that the exponertial growth rate
of an elk population is 0:07, which function would descrite our elk population as a

function of time?

(@) P(t) = 7522

Tr5e 007
(b) P(t) = 172%

©) P(t) = %

1+ %e0:07t

(d) P(t) = 2%

1+ %e 0:07t

81. The population of mice on a farm is modeled by the di erential equation

3000dP —

P dt

200 P. If we know that today there are 60 mice on the farm, what function will

descrike how the mousepopulation will dewelop in the future?

@ P = 7%
0) P = %
© P= 20
(M) P = 2%

(e) None of the above

82. The function plotted belowv could be a solution to which of the following di erential

equations?

@ £= o0 1 £

— po
(b) P = 4 6:25 10 4P

(c) 408, + L= 2

(d) 205+P=75
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(e) All of the above

83. The function plotted belon could be a solution of which of the following?

(@ £ =015 1

170

(b) € =015 1 £

240

) =00 1 £

170

d) £ =005 1 Lo

(e) None of the above

Nonhomogeneous Dieren tial Equations & Undeter-
mined Coe cien ts

84. Considerthe equation g—x = 2f + €¥. When we separatethe variables, this equation
becomes:

(@) 5d = e¥dx

(b) o = 2f + e>dx

(€) #d = (2+ e¥)dx

(d) 2fd = e*dx

(e) This equationis not separable

85. xqt) + 4x(t) = € and we want to test the function x(t) = Coe * + C,€' to seeif it is
a solution. What equationis the result?

(a) ( 4Cye At Clé) + 4Cye A+ 4C1é = ¢
(b) (Coe * + Ci€') + 4Cpe # + 4C.€' = €
() 4Cpe *+ 4C.e = ¢
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(d) None of the above

86. We are testing the function f (x) = Coe®* asa possiblesolution to a di erential equa-
tion. After we substitute the function and its derivative into the di erential equation
we get: 3Coe™ =  2Cye* + 4e*. What wasthe di erential equation?

(@) o= 2f + Ciof

(b) 0= 2f + 4e*

(c) 3f = 2f + 4e*

(d) 3Coe™ = 2f + 4e*
(e) None of the above.

87. We are testing the function f (x) = Coe® + C,e ?* asa possiblesolution to a di eren-
tial equation. After we substitute the function and its derivative into the di erential
equation we get: 2Coe™* 2Cie * = 2(Coe® + Cie ) + 3e*. What value of Cy
will allow this function to work?

(@ Co= %
(b) Co= 3
(c) Co=3
(d) Co=2

(e) Any value of Cq will work.
(f) No value of Cy will work.

88. We are testing the function f (x) = Cye® + C,e #* asa possiblesolution to a di eren-
tial equation. After we substitute the function and its derivative into the di erential
equation we get: 2Coe* 2Cie X = 2(Coe® + Cie ) + 3e**. What value of C;
will allow this function to work?

(@ Cy= %
(b) C.= 3
(c) C,=3
(d) C;=2

(e) Any value of C; will work.
(f) No value of C; will work.
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89. When we have y°= 7y + 2x we should conjecturey = Cye™ + C1x + C,. Why do we
add the C,?

(a) Becausethe 7y becomesa constart 7 when we take the derivative and we needa
term to cancelthis out.

(b) Becausewhen we take the derivative of C;x we get a constart C; and we needa
term to cancelthis out.

(c) Becausethis will allow usto match di erent initial conditions.
(d) This doesnot a ect the equationbecauseat goesaway whenwe take the derivative.

90. We have the equationy®= 2y + sin3t. What should be our conjecture?

(@) y= Co€® + sindt

(b) y = Coe® + sin3t + cos3t

(c) y = Coe® + C;sindt

(d) y = Coe® + Cysin3t + C,cosat

(e) y= Coe® + Cie 2+ C,Sin3t + C5cos3t
(f) None of the above

91. Considerg—g = ag+ bcoscz, wherea, b, and c are all positive parameters. What will

be the long term behavior of this system?

(@) It will grow exponertially.

(b) It will corvergeto an equilibrium.

(c) It will oscillate.

(d) Dierent beharviors are possibledepending on the valuesof a, b, and c.

92. A bookstoreis constartly discardinga certain percertage of its unsold invertory and
alsoreceivingnew books from its supplier sothat the rate of changeof the number of
booksin invertory is BYt) = 0:.02B + 400+ 0:0%t, whereB is the number of books
and t is in months. In the long run, what will happen to the number of books in
inventory, accordingto this model?

(2) The number of books will approad zero.

(b) The number of books will approad a stable equilibrium.

(c) The number of bookswill exponertially divergefrom an unstable equilibrium.
(d) The number of bookswill grow linearly.

(e) None of the above
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93. The gure belov shavs seweral functions that solve the dierential equation y° =
ay + bx+ c. What could be the valuesof a, b, and c?

(@ a=2,b=2,c= 20

(b) a= 2,b= 2,c= 20

(c) a=2,b= 2,c= 20

(d a= 2,b= 2,c=20

(e) a= 2,b=2,¢c=20

(f) Not enoughinformation is given.

94. 1t is currently 10degreesoutside and your furnacegoesout, sothe temperature of your
housewill follow %—I = 0:1(10 T). You nd anold heaterwhich will add heatto your
houseat a rate of h(t) = 3+ 2sin0:1t degreesper hour. What should you conjecture
asa function to descrite the temperature of your house?

(@) T(t) = Ae %1 + B

(b) T(t)= Asin0:1t + B

(c) T(t) = Ae *+ Bsin0:1t+ C

(d) T(t) = Ae %+ Bsin0:1t + Ccos0:1t + D

(e) T(t) = Ae®'+ Be % + Csin0:1t + D cosO:1t + E
(f) None of the above.

95. Which of the following is not a solution to yqt) = 5y + 3t?
(@) y= 8"
() y= 3t %
©y=8" 3t 2
(d) All are solutions.

(e) More than oneof (a) - (c) are not solutions.
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Second Order Dieren tial Equations: Oscillations

96. A branch sways bad and forth with position f (t). Studying its motion you nd that
its accelerationis proportional to its position, sothat whenit is 8 cm to the right, it
will accelerateto the left at a rate of 2 cm/s?. Which di erential equation descrites
the motion of the branch?

() & = &f
(b) &f = 4
(© = 2
@ &= %
(€ &= 3
97. The di erential equation ‘(’j% = 0:1f + 3 is solvwed by a function f (t) wheref is in

feetand t is in minutes. What units doesthe number 3 have?

(a) feet

(b) minutes

(c) per minute

(d) per minute?

(e) feet per minute?
(f) no units

98. The di erential equationy®= 7y is solved by a function y(t) wherey is in metersand

t is in seconds.What units doesthe number 7 have?

(a) meters

(b) seconds

(c) per second

(d) per second

(e) metersper second

(f) no units

99. A dierential equation is solved by the function y(t) = 3sin2t wherey is in meters
andt is in seconds.What units do the numbers 3 and 2 have?
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(@) 3isin meters,2isin seconds

(b) 3isin meters,?2isin per second

(c) 3isin metersper second,2 hasno units
(d) 3isin metersper second,2 is in seconds

100. Three di erent functions are plotted belown. Could theseall be solutions of the same
secondorder di erential equation?

(@) Yes
(b) No
(c) Not enoughinformation is given.

101. Which of the following is not a solution of y°*+ ay = 0 for somevalue of a?

(@ y=4sin2t
(b) y = 8cos3t
(€) y=2¢*

(d) all are solutions

102. The functions belowv are solutions of y°°+ ay = 0 for dierent valuesof a. Which
represets the largestvalue of a?

(@) y(t) = 100sin2 t
(b) y(t) = 25co0s6 t
(c) y(t) = 0:1sin5
(d) y(t) = 3sin2t + 8cos2t
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103.

104.

105.

106.

107.

Ead of the di erential equationsbelow represets the motion of a masson a spring.
If the massis the samein ead case,which spring is sti er?

(@) s+ 8s=0
(b) s+ 2s=0
(c) 2% s=10
(d) 8%+ s=0

The motion of a masson a spring follows the equationmx®= kx wherethe displace-
mert of the massis given by x(t). Which of the following would result in the highest
frequencymotion?

@ k=6,m=2

(b) k=4,m=14
(c) k=2,m=6
(d k=8m=6

(e) All frequenciesare equal

Ead of the di erential equationsbelow represets the motion of a masson a spring.
Which systemhasthe largest maximum velocity?

(@) 2s%% 8s= 0;s(0)= 5;s40) =0
(b) 2s%%+ 4s= 0;s(0) = 7;s40)= 0
(c) s+ 4s= 0;s(0) = 10;s40) = 0
(d) 8s%%+ s= 0;s(0) = 20;s40) = 0

Which of the following is not a solution of ?;—3’ = ay for somepositive value of a?
(@) y = 2sin6t
(b) y = 4cosbt

(c) y = 3sin2t + 8cos2t
(d) y= 2sin3t + 2cosbt

Which function doesnot solve both z°= 3z and z%°= 9z?

(@) z= 7e*
(b) z= 0
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(c)z=12
(d) z= 6e*
(e) all are solutionsto both

108. How are the solutionsof y®= 1y di erent from solutions of y°= 1y?

(a) The solutionsof y®°= 2y grow half asfast assolutionsof y°= 1y.
(b) The solutions of y%°= %y include deca/ing exponertials.

(c) The solutions of y%°= 1y include sinesand cosines.

(d) None of the above

109. How are the solutionsof y®= 1y dierent from solutionsof y®=  1y?

(a) The solutionsof y®= 1y oscillate twice as fast asthe solutionsof y*°=  Zy.

(b) The solutions of y%°= %y have a period which is twice as long as the solutions
of y?= 1y

(c) The solutions of y%= %y have a smaller maximum value than the solutions of
y?= 1y
5.
(d) More than one of the above is true.
(e) None of the above are true.

110. What function solvesthe equationy®+ 10y = 0?

(@ y= 10sin1k

(b) y= GOcospFJt

© y="10

) y=20e ™

(e) More than one of the above

111. We know that the solution of a di erential equation is of the form y = Asin3x +
B cos3x. Which of the following would tell usthat A = 0?

(@) y(0) =0
(b) y10)= 0
© y®)=0

(d) none of the above
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112. We know that the solutionsto a di erential equationare of the formy = Ae®* + Be .
If we know that y = 0 whenx = 0, this meansthat

@ A=0
(b) B=0
(c) A= B
(d A=B

(e) noneof the above

113. An ideal spring producesan accelerationthat is proportional to the displacemety so
my%= ky for somepositive constart k. In the lab, we nd that a massis held on
an imperfect spring: As the massgetsfarther from equilibrium, the spring producesa
force strongerthan an ideal spring. Which of the following equationscould model this
scenario?

(@) my®= ky?

(b) my®= KkPy

(c) my®= Kjyj

(d) my®= ky?

(e) my®= ke

(f) None of the above

114. The functions plotted below are solutionsof y°=  ay for di erent valuesof a. Which
casecorrespndsto the largestvalue of a?
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115. The motion of a child bouncing on a trampoline is modeled by the equation p°{t) +
3p(t) = 6wherepisin inchesandt isin seconds.Supposewe want the position function
to bein feetinstead of inches. How doesthis changethe di erential equation?

(a) Thereis no change
(b) p°tt) + 3p(t) = 05
(c) pt) + 3p(t) = 72
(d) 144%t) + 3p(t) = 3
(e) p*tt) + 36p(t) = 3
(f) 144%t) + 36p(t) = 3

116. A oat is bobbing up and down on a lake, and the distanceof the oat from the lake
o or follows the equation 2d°+ 5d 30= 0, whered(t) is in feetand t is in seconds.
At what distancefrom the lake o or could the oat read equilibrium?

(@) 2feet
(b) 5 feet
(c) 30 feet
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(d) 6 feet
(e) 15 feet
(f) No equilibrium exists.

Mixing Mo dels

117. The di erential equationfor a mixing problemis x%+ 0:08x = 4; wherex is the amourt
of dissolhed substance,in pounds, and time is measuredin minutes. What are the
units of 4?

(a) pounds

(b) minutes

(c) pounds/minute
(d) minutes/pound
(e) None of the above

118. The di erential equationfor a mixing problemis x%+ 0:08x = 4; wherex is the amourt
of dissoled substance,in pounds, and time is measuredin minutes. What are the
units of 0.087?

(a) pounds

(b) minutes

(c) per pound

(d) per minute

(e) None of the above

119. The di erential equationfor a mixing problemis x%+ 0:08x = 4; wherex is the amourt
of dissolhed substance,in pounds, and time is measuredin minutes. What is the
equilibrium value for this model?

(a) 0.08

(b) 50

© 0

(d) 0.02

(e) 4

(f) None of the above
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120. In a mixing model where x° has units of pounds per minute, the equilibirum value is
80. Which of the following is a correct interpretation of the equilibrium?

(@) In the long-run, there will be 80 poundsof cortaminant in the system.
(b) After 80 minutes, the mixture will stabilize.

(c) The rate in is equalto the rate out whenthe concenration of cortaminant is 80
pounds per gallon.

(d) Theratein is equalto the rate out whenthe amourt of contaminant is 80 pounds.
(e) None of the above

121. A tank initially cortains 60gallonsof purewater. A solution cortaining 3 pounds/gallon
of salt is pumped into the tank at a rate of 2 gallons/minute. The mixture is stirred
constartly and owsout at a rate of 2 gallonsper minute. If x(t) is the amourt of salt
in the tank at time t; which initial value problem represets this scenario?

(@) xqt) = 2 2; with x(0) = 60
(b) xqt) = 6 35; with x(0) = 0
(c) xYt) = 3x  2; with x(0) = 60
(d) xqt) =6 Z; with x(0) =0
(e) None of the above

122. The solution to a mixing problem s
x(t) = 0:01(100 t)?>+ (100 t);

wherex(t) is the amourt of a contaminant in a tank of water. What is the long-term
behavior of this solution?

(@) The amourt of cortaminant will reat a steady-stateof 100 pounds.
(b) The amourt of contaminant will increaseforever.

(c) The amourt of contaminant will approad zero.

(d) The tank will run out of water.

123. Tank A initially cortains 30 gallons of pure water, and tank B initially cortains 40
gallons of pure water. A solution cortaining 2 pounds/gallon of salt is pumped into
tank A at a rate of 1.5 gallons/minute. The mixture in tank A is stirred constartly
and owsinto tank B at a rate of 1.5 gallons/minute. The mixture in tank B is also
stirred constartly, and tank B drains at a rate of 1.5 gallons/minute. If A(t) is the
amourt of salt in the tank A at time t and B(t) is the amourt of salt in tank B at
time t; which initial value problem represets this scenario?
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(@)
AR)
BYt)
(b)
AYt)
BY1)
(c)
AYt)
Bqt)
(d)
ARY)
BYt)

(e) None of the above

1.5

1.5

A
20

— A0)=0
30 (0)
B
_ B =
40 ©)=0
A
_ A =
30 0)=0
B
2 BO=0
A
5 AO=0
B
5 BO=0
A
55 A0=0
3B
__ B =
30 ©O)=0

124. Medication ows from the GI tract into the bloodstream. Supposethat A units of an
antihistamine are presen in the Gl tract at time 0 and that the medicationmovesfrom
the GI tract into the blood at a rate proportional to the amourt in the Gl tract, X.
Assumethat no further medication erters the Gl tract, and that the kidneysand liver
clear the medication from the blood at a rate proportional to the amourt currently in
the blood, y. If k; and k, are positive constarts, which initial value problem models

this scenario?

(@)

dt
dy
dt

(b)

dx

dt
dy
dt

k]_X

Koy

k]_X
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(©)

dx

a kix x(0)=A

d

@ 7 kx ky  y©=0

(d)

dx

ot = kix kyy x(0)=0
Y = kxrky  yO=0

125. Referring to the antihistamine model dewloped in the previous question, if time is
measuredin hours and the quartity of antihistamine is measuredin milligrams, what
are the units of k;?

(&) hours

(b) hours per milligram
(c) milligrams per hour
(d) 1/hours

(e) milligrams

(f) None of the above

126. Referring to the antihistamine model discussedn the previous questions,what is the
e ect of increasingk,?

(a) The blood will be cleanedfaster.
(b) Antihistamine will be removed from the Gl tract at a faster rate.
(c) 1t will take longerfor the antihistamine to move from the Gl tract into the blood.

(d) Antihistamine will accunulate in the blood at a faster rate and the patient will
end up with an overdose.

(e) None of the above

127. Referringto the antihistamine model discussedn the previousquestions,descrite how
the amourt of antihistamine in the blood changeswith time.

(a) It decreasesnd asymptotically approadeszero.

(b) It levelso at somenonzerovalue.

(c) It increasednde nitely .

(d) It increasesreaesa peak, and then decreasesasymptotically approading zero.
(e) None of the above
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128.

129.

130.

131.

Existence & Uniqueness

Basedupon obsenations, Kate deweloped the di erential equation %—I = 0:.08(T 72)

to predict the temperature in her vanilla chai tea. In the equation, T represets the
temperature of the chai in F and t is time. Kate has a cup of chai whoseinitial
temperature is 110 F and her friend Nate hasa cup of chai whoseinitial temperature
is 120 F. According Kate's model, will there be a point in time when the two cups of
chai have exactly the sametemperature?

(@) Yes
(b) No
(c) Can't tell with the information given

A bucket of water hasa holein the bottom, and sothe water is slowvly leakingout. The

height of the water in the budket is thusa decreasingunction of time h(t) which changes
accordingto the di erential equationh®=  kh'*?, wherek is a positive constart that

dependson the sizeof the hole and the bucket. If we start out a bucket with 25 cm of
water in it, then accordingto this model, will the budket ever be empty?

(@) Yes
(b) No
(c) Can't tell with the information given

A sciertist dewelopsthe logistic population model P°= 0:2P (1 %) to descrike her
researt data. This model hasan equilibrium valueof P = 8:2. In this model, from the
initial condition Py = 4, the population never readesthe equilibrium value because:

(a) you can't have a population of 8.2.

(b) the population is asymptotically approading a value of 8.2.
(c) the population will grow towards in nit .

(d) the population will drop to 0.

A sciertist dewelopsthe logistic population model P°= 0:2P (1 %) to descrike her
researb data. This model hasan equilibrium value of P = 8. In this model, from the
initial condition Py = 4, the population will never read the equilibrium value because:

(a) the population will grow toward in nit y.
(b) the population is asymptotically approading a value of 8.
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(c) the population will drop to 0.

132. Do the solution trajectories shovn belov for the for the dierential equation y° =
3y sin(y) + t ever simultaneously reat the samevalue?

(@) Yes
(b) No
(c) Can't tell with the information given

Bifurcations

133. How many equilibria doesthe di erential equationy®= y? + a have?

(a) Zero

(b) One

(c) Two

(d) Three

(e) Not enoughinformation is given.
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134. A bifurcation occursif the number of equilibria of a systemchangeswhen we change
the value of a parameter. For the di erential equation g—x = bf? 2, a bifurcation
occursat what value of b?

(@ b= 0
(b) b= 2
) b= 2
(d) b= 2=f2

(e) Not enoughinformation is given.

135. xqt) = $x%+ bx+ 8. If b= 5 what are the equilibria of the system?

(@ x= 5
(b) x= 3;3
(c) x= 8 2

(d) No equilibria exist and all solutions are increasing.
(e) No equilibria exist and all solutions are decreasing.

136. xqt) = 3x%+ bx+ 8. If b= 2 what are the equilibria of the system?

@ x= 8
(b)y x= 2 IO1_2
(c) x=2

(d) No equilibria exist and all solutions are increasing.
(e) No equilibria exist and all solutions are decreasing.

137. xqt) = 3x*+ bx+ 8. A bifurcation occurswhere?
p

@x= b BF 16
(b) b= 0
() b=}
(d) b= 4
(€) b=8

(f) Not enoughinformation is given.

138. ‘;—? = ¢+ cg. How many equilibria doesthis systemhave?
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(@ Two

(b) Oneor two

(c) Oneor three

(d) Two or three

(e) Three

(f) Not enoughinformation is given

139. A bifurcation diagram plots a system's equilibria on the y axis and the value of a
parameteron the x axis. Considerthe bifurcation diagrambelown. When our parameter
is a= 5, what are the equilibria of the system?

(@ y=0andy=3

(b) y=5
(c)y=4andy=6
(d) Not enoughinformation is given.

140. Considerthe bifurcation diagram below. If our systemhasequilibriaaty = 1,y = 3
and y = 5 what is the value of the parametera?
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@ a= 1

(b) a= 0
(c) a=1
(d) a=3
(e) a=5

(f) Not enoughinformation is given.

141. Considerthe bifurcation diagram belov. At what value of a doesthe systemhave a

bifurcation?
(@ a=0
(b) a= 2
(c) a=14
(d a=6

45



(e) a= 8
(f) Not enoughinformation is given.

142. Which of the following di erential equationsis represeted by the bifurcation diagram

below?

(@) y°=y?+ a
(b) y°=ay* 1
(c) y°= ay

(d) yo= y?+ay+ 2

143. The gure onthe left is a bifurcation diagram, and the gure on the right plots seeral
solution functions of this systemfor one speci ¢ value of the parameter. The gure on
the right correspndsto what value of the parameter?

(@ c=0
(b) c=2
(c)c=4
(d) c=6
(e)c=18
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Linear Op erators

144. Which di erential operator is the appropriate one for the di erential equation ty %+

2y°+ ty = €?
2
(@) td + 28 + ¢
2
(b) t&H+23+t €
€ L+ 28+t
2
d & +28+1

(e) None of the above

145. Let L = tzgt—zz + 2td + 2 be a di erential operator. Evaluate L[t%]:

(@ o

(b) 143

(c) 2+ 123

(d) 6t3+ 6t2+ 2

Second Order Dieren tial Equations: Damping

146. Which of the following equationsis not equivalert to y%%+ 3y°+ 2y = 0?

(@) 2y° 6y°+ 4y =0
(b) y®= 3y°+ 2y

() 12y= 36/°+ 24y
(d) 3y®= 9y° 6y

(e) All are equivalert.

147. Which of the following equationsis equivalert to y%+ 2y°+ 3y = 0?

(a) t2y*™ 2ty%+ 3y = 0
(b) Yo% 2y°+ 3y = 0

(c) t2y%% 3y°+ 3y =10
(d) Noneare equivalert.
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148. The motion of a child bouncing on a trampoline is modeled by the equation p°{t) +
3pqt)+ 8p(t) = Owherepisin feetandt isin secondsWhat will the child's acceleration
be if heis 3 feet belon equilibrium and moving up at 6 ft/s?

(@) 6ft/s? up

(b) 6 ft/s? down

(c) 42ft/s? up

(d) 42ft/s? down

(e) 39ft/s 2 down

(f) None of the above

149. The motion of a child on atrampolineis modeledby the equationp®{t)+ 2pYt) + 3p(t) =
O wherep is in feetandt is in seconds.Supposewe want the position function to be
in inchesinstead of feet. How doesthis changethe di erential equation?

(a) Thereis no change

(b) p%t) + 24pYt) + 36p(t) = O
(c) 12p%t) + 2pqt) + 36p(t) = O
(d) 1440°%) + 24p%t) + 3p(t) = O

(e) None of the above

150. A hydrogen atom is bound to a large molecule,and its distance from the molecule
follows the equation d®+ 4d°+ 8d 6= 0 whered is in picometers. At what distance
from the moleculewill the atom read equilibrium?

(@ d= 6 pm.
(b) d= 2 pm.
(c) d= & pm

(d) No equilibrium exists.

151. When the spaceshuttle re-erters the Earth's atmosphere,the air resistanceproduces
a force proportional to its velocity squared,and gravity producesan approximately
constart force. Which of the following equationsmight model its position p(t) if a and
b are positive constans?

(@) p”+ a(p)*+ b= 0
(b) p*° a(p?+ b=10
(c) p*+ a(p)?+ bp= 0

48



(d) p* a(p)?+ bp=0
(e) None of the above

152. The di erential equation mﬂi—%’ + ‘3—{ + ky = 0 with positive parametersm, , andk is
often usedto model the motion of a masson a spring with a damping force. If was
negative, what would this mean?

(&) This would be like a negative friction, making the oscillationsspeedup over time.

(b) This would be like a negative spring, that would push the object farther and
farther from equilibrium.

(c) This would be like a negative mass, so that the object would acceleratein the
opposite direction that the forceswere pushing.

(d) None of the above

153. Testthe following functions to seewhich is a solution to y°% 4y°+ 3y = 0.

(@) y= ¢
(b) y=¢€

cy=e'
d)y=e?

(e) None of theseare solutions.
(f) All are solutions.

154. Test the following functions to seewhich is a solution to &g 4 23—3 +29=0.

dx2

(@) g= ¢

(b) g= sinx

(c) g= e *sinx

(d) None of theseare solutions.

155. Supposewe want to solwe the di erential equationy®% by’+ cy = 0 and we conjecture
that our solution is of the form y = Ce't. What equation do we get if we test this
solution and simplify the result?

(@) 1+ br+cr?=0
(b) C?r?+ Cr+c=0
(c) Ce'+ bCet + cCet = 0
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(d) r2+ br+c=0
(e) None of the above

156. Supposewe warnt to solve the di erential equation ‘j';—g’ + 5‘3—¥ + 4y = 0 and we conjecture

that our solutionis of the formy = Ce''. Solwe the characteristic equationto determine
what valuesof r satisfy the di erential equation.

@r= 2 8
b)r= 1, 4

(c) r= 3=2,+3=2
d) r=14

(e) None of the above

157. Find the generalsolution to ?ji—zy + 3‘3—¥ +2y=0.

(@) y(t) = Cie T2+ Cpe™?
(b) y(t) = Cie 2+ Cye !
(c) y(t) = Cie 2 + C,é

d) y(t)= 2C,e * Cue't
(e) None of the above

158. The graph below has v e trajectories, call the top oney,, the one below it y,, down
to the lowest oneys. Which of these could be a solution of y°+ 3y°+ 2y = 0 with
y(0) = 0 and yY0) = 1?

(@) y1
(b) y2
() y3
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(d) ya
(€) ¥s

159. What is the generalsolution to f %%+ 2f 9+ 2f = 0?

(@) f(x) = Cie ¥?cosx + C,e *?sinx
(b) f(x) = Cie *cosx + Coe *sinx
(c) f(x) = Cie *cosy + Coe *sinj
(d) f(x) = Cy1+ Cre

(e) None of the above

160. The harmonic oscillator modeledby mx°% bx°+ kx = 0 with parametersm = 1,k = 2,
and b= 1 is underdamped and thus oscillates. What is the period of the oscillations?

(@) 2 =p7
(b) 4 :p7
(c) p7:2
(d) p7:4
(e) None of the above.

161. A harmonic oscillator is modeledby mx%%+ bx°+ kx = 0. If we increasethe parameter
m slightly, what happensto the period of oscillation?

(a) The period getslarger.
(b) The period getssmaller.
(c) The period stays the same.

162. A harmonic oscillator is modeledby mx%%+ bx°+ kx = 0. If we increasethe parameter
k slightly, what happensto the period of oscillation?

(a) The period getslarger.
(b) The period getssmaller.
(c) The period stays the same.

163. A harmonic oscillator is modeledby mx°%+ bx’+ kx = 0. If we increasethe parameter
b slightly, what happensto the period of oscillation?
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(a) The period getslarger.
(b) The period getssmaller.
(c) The period stays the same.

164. Classify the harmonic oscillator descriked below:

2
dy+4dy

SrTaRT

+y=0:

(a) underdamped
(b) overdamped

(c) critically damped
(d) no damping

165. Doesthe harmonic oscillator described below oscillate?

dy dy
3W+4a+y_o.

(@) Yes.
(b) No.

Linear Com binations and Indep endence of Functions

166. Which of the following expressionss a linear combination of the functions f (t) and
9(t)?
(a) 2 (1) + 39(t) + 4
(b) f(t) 29(t)+t
(c) 2f ()o(t) 3f (1)
(d) f(t) o)
(e) All of the above
(f) None of the above

167. True or False The function h(t) = 4+ 3t is a linear conbination of the functions
f()= Q+t)2andg(t)=2 t 22

52



168. True or False The function h(t) = sin(t + 2) is a linear conbination of the functions
f (t) = sint and g(t) = cost:

169. True or False h(t) = t? is a linear conmbination of f (t) = (1 t)2andg(t) = (1+ t)2:

170. Let y;(t) = sin(2t): For which of the following functions y,(t) will fy;(t);y.(t)g be a
linearly independert set?

() ya(t) = sin(t) cost)
(b) y2(t) = 2sin(2)

(C) yo(t) = cos(2  =2)
(d) yo(t) = sin( 2t)

(e) All of the above

(f) None of the above

171. Let y;(t) = €*: For which of the following functions y,(t) will fy.(t);y.(t)g bealinearly
independen set?

(@) yo(t) = e *

(b) ya(t) = te*

(€ yo(t) = 1

(d) yat) = €

(e) All of the above
(f) None of the above

172. The functions y;(t) and y,(t) are linearly independen on the interval a< t < bif

(a) for someconstart k; y;(t) = ky,(t) fora< t < b:

(b) there exists somety 2 (a;b) and someconstarts ¢; and ¢, sud that c;y;(to) +
C2Y2(to) € O

(c) the equationcyyy(t) + coy»(t) = 0 holdsfor all t 2 (a;b) only if ¢; = ¢, = O:
(d) the ratio y;(t)=y,(t) is a constarnt function.

(e) All of the above

(f) None of the above

173. The functions y;(t) and y,(t) are linearly dependen on the interval a< t < bif
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(a) there existtwo constarts ¢; and ¢, sud that ¢y, (t) + cy»(t) = Oforalla< t < b:

(b) there exist two constarts ¢; and ¢;; not both 0, sud that ¢,y (t) + cy,(t) = 0 for
ala<t< b:

(c) for eat t in (a;b); there existsconstarts c; and ¢, sud that c;y;(t) + coy»(t) = O:

(d) for somea < tg < b; the equation c1yi(tg) + Cy2(tg) = 0 can only be true if
ct=0c=0:

(e) All of the above
(f) None of the above

174. The functions y;(t) and y,(t) are both solutions of a certain second-ordetinear homo-
geneoudi erential equation with cortinuous coe cients for a < t < b: Which of the
following statemernts are true?

(i) The generalsolution to the ODE is y(t) = ciya(t) + ¢yo(t); a< t < b:

(i) yi(t) and y,(t) must be linearly independer, sincethey both are solutions.

(i) yy(t) and y,(t) may be linearly dependen, in which casewe do not know enough
information to write the generalsolution.

(iv) The Wronskian of y;(t) and y,(t) must be nonzerofor thesefunctions.

(@) Only (i) and (ii) aretrue.
(b) Only (i) is true.

(c) Only (ii) and (iv) aretrue.
(d) Only (iii) is true.

(e) Noneare true.

175. Can the functions y;(t) = t and y,(t) = t? be a linearly independen pair of solutions
for an ODE of the form

y%+ p(t)y°+ q(t)y = 0 1t 1
wherep(t) and g(t) are cortinuous functions?

(@) Yes
(b) No
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176. Which pair of functions whosegraphsare shavn belov could be linearly independen
pairs of solutionsto a second-ordetdinear homogeneousli erential equation?

Second Order Dieren tial Equations: Forcing

177. The three functions plotted below are all solutionsof y°% ay®+ 4y = sinx. Is a positive
or negative?

(a) ais positive.
(b) ais negative.
(c) a=0.
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(d) Not enoughinformation is given.

178. If we conjecture the function y(x) = C;sin2x + C,cos2x + C3 as a solution to the
di erential equationy®* 4y = 8, which of the constarts is determinedby the di erential
equation?

(@) C;
(b) Co
(c) Cs
(d) None of them are determined.

179. What will the solutions of y°%+ ay®+ by = c look like if bis negative and a is positive.

(a) Solutionswill oscillateat rst and level out at a constart.
(b) Solutionswill grow exponertially.

(c) Solutionswill oscillate forewer.

(d) Solutionswill decay exponertially .

180. The functions plotted below are solutionsto which of the following di erential equa-
tions?

@ Ey+2%+4y=3 3«

dx?2

(b) L%+ 2% 4 gy = 3¢

dx2

d2y dy — cin?2
(C) gz + 24 + 4y = singXx

(d) &Y+ 2%+ 4y=2¢2+3x 4

dx2

(e) None of the above
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181. The generalsolution to f %% 7f %+ 12f = Qisf (t) = C,e 3+ C,e #. What shouldwe
conjectureasa particular solution to f %%+ 7f 0+ 12f = 5e 2?

(@) f(t)= Ce *

(b) f(t)= Ce *

(c) f(t)=Ce *

(d) f(t) = Ccos2t
(e) None of the above

182. The generalsolution to f %+ 7f%+ 1% = 0isf(t) = Cie * + C,e %, What is a
particular solution to f %% 7f 0+ 12 = 5e &2

(@ f()=2e®

(b) f(t)=5e®

(c) f(1)= e ™

@d f(t)y=e*™

(e) None of the above

183. To nd a particular solution to the di erential equation

d?y dy o
W+ 3&+ 2y = cost;

we replaceit with a new di erential equationthat has been\complexi ed." What is
the newdi erential equationto which we will nd a particular solution?

@ 33 gz e

dt2 dt
) 8+ s Y gy o
(©) 22%+ 3%/+ 2y = ¢
@ 3+ sWioyz e
@ T+ aiy=er

(f) None of the above.

2 . o
184. To solwe the di erential equation % + 33_y+ 2y = €', we make a guesf y,(t) = Ce'.

What equation results when we ewaluate this in the di erential equation?
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(@)
(b)

Ce' + 3Cie't + 2Ce"
Ce' + 3Cie't + 2Ce"

Ce'
ot

(c) Cie" + 3Ce' + 2Ce' = ¢!

(d) Cé€'+ 3Ce' + 2Cé' = Ce!
. . . d’y _dy o o
185. To solwe the di erential equatlonﬁ+ 3a+ 2y = €', wemake aguessfy,(t) = Ce".
What value of C makesthis particular solution work?
1+ 3i
@ C=—5
1 3i
(b) €= 10
1+ 3i
c) C= p—
(©) 5
1 3i
d C= p—
(d) 5

186. In order to nd a particular solution to

2
d_y+3d_y+

g2 ot 2y = cost, do we want the

real part or the imaginary part of the particular solution y,(t) = Ce" that solved the

complexi ed equation

2
ﬂ + 3d_y +
dt? dt

(a) Realpart

(b) Imaginary part

it

(c) Neither, we needthe whole solution to the complexi ed equation.

187. What is a particular solution to

dt?

3 1 .
—cost + — sint

(&) Yp(t) = 75008t + =

(b) yu(t) = 1—gcost + 1—10sint
(©) yp(t) = %cost + 1—§sint
(d) yp(t) = 1—10cost + 1—30sint

2
ﬂ+3_

dy
= ?
at + 2y = cost”
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Beats and Resonance

188. Which of the following forced 2nd order equationshas solutions exhibiting resonane?

(a) y*%+ y = cost)
(b) y°%* y = 2cost)
(c) y*+y=2cost)
(d) All of the above
(e) None of the above

189. Which of the following forced 2nd order equationshas solutions exhibiting resonane?

(@) 2y%% y = cogt)

(b) 2y%+ 4y = 2cos(2)
(c) 4y°% y= 2coqt=2)
(d) All of the above

(e) None of the above

190. Which of the following forced 2nd order equationshas solutions exhibiting resonane?

(@) y°%+ 2y = 10cos(2)
(b) y%+ 4y = 8cos(2)
(c) y*% 2y = 6cos(4)
(d) All of the above
(e) None of the above

191. Which of the following forced2nd order equationshassolutionsclearly exhibiting beats?

(@) y®* 2y = 10cost)
(b) y%%+ 1y = 2cos(2)
(c) y*% 9y = 1cos(3)
(d) All of the above

(e) None of the above

192. The di erential equationy®® 100y = 2cos( t) hassolutionsdisplaying resonane when
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(@) ! = 10,000
(b) ' =10
! =9

(d) All of the above
(e) None of the above

193. The di erential equationy®+ 100y = 2cos( t) has solutions displaying beats when

(a) ! = 10,000
(b) ' =10
0! =9

(d) All of the above
(e) None of the above

194. The di erential equationy®+ 4y = 2cos(2) has solutions clearly displaying

() beats

(b) damping

(c) resonance

(d) All of the above
(e) None of the above

195. The di erential equation4y®+ y = 2cos(4) has solutions clearly displaying

(a) beats

(b) damping

(c) resonance

(d) All of the above
(e) None of the above

196. The di erential equation4y®+ 4y = 2cost) has solutions clearly displaying

(a) beats

(b) damping

(c) resonance

(d) All of the above
(e) None of the above
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Second Order Dieren tial Equations as Systems

197. A standard approad to corverting secondorder equationssud asx®= x° 2x+ 4is
to introducea new variable, y, sud that:

(@) y°= x
(b) y=x°
(€) y=x

(d) y°=x°

198. A rst-order systemequivalert to the secondorder di erential equationx®¥ 2x% x = 2

is:
(a)

x0 =y

yo = x 2%+ 2
(b)

x0 =y

y' = 2x+y+2
(©)

0=y

0= x 2y+2
(d)

x0 =y

O = x+2y+2

199. Which second-ordedi erential equationis equivalert to the rst-order systembelow?

0=y

2X + 4y

X
0

61



(@) y°= 2x + 4x°

(b) x© 4x° 2x=0
(c) x%% 4x°+ 2x=0
(d) None of the above

200. Which second-ordedi erential equationis equivalert to the rst-order systembelow?

x° = 3x+y
= X 2y

(@) x%%+ 5x°+ 5x =0
(b) x°=  3x+ x°%+ 3x
(c) y*%+ 5y%+ 5y =0
d) y°= 2y (¥°+ 2y)

(e) This systemcan not be corverted to a second-orderequation.

201. In the spring masssystemdescrited by x®°=  2x° 2x, what doesthe variable x
represetf?
(a) The spring's displacemen from equilibrium
(b) The mass'sdisplacemen from equilibrium
(c) The spring's velocity
(d) The mass'svelocity
(e) None of the above

202. The spring masssystemdescrited by x®°=  2x° 2x, canbe corverted to a rst-order
systemby introducing the new variable y = x° What doesy represetf?

(a) The mass'sdisplacemen from equilibrium
(b) The mass'svelocity

(c) The mass'sacceleration

(d) None of the above

203. A rst-order systemequivalert to the spring masssystemx®= 2x° 2x is:
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(@)

x0 =y
y0 — 2% 2X0
(b)
x0 =y
0 = y+ 2
()
x =y
0 — zy 2%
(d)
X0 =y
0 = 2y

204. The solution to the spring masssystemx®= 2x° 2x is:

X % 0 . 3
(@) vy e 1 T GE 5
y _ x O ;3
(b) x - Ce 1 T GE 5
(c) § = e '(c,cost + ¢, sint) 1 +e '( ¢sint+ c,cost) 0
(d) ); = e '(¢ cost + ¢, sint) , Te '( ¢ sint + c;cost) é

205. The position of the massin the spring masssystemx®= 2x° 2x is given by:

(@) y= 2ce tcost 2ce !sint
(b) y = cie t(cost sint) + ce '(cost + sint)
(c) x = cie t(cost sint) + ce ' (cost + sint)
(d x= 2cie tcost 2ce 'sint
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Phase Portraits and Vector Fields of Systems

206. If we were graphing a vector eld in the phase plane of the linear system Y° =
4 2

5 4 Y, what slope would we graphwheny; = 1 andy, = 2?

(@) 0

(b) 1 (vertical)
(€)1

(d) None of the above

207. Which linear systemmatchesthe direction eld belon?

(@)

=y
0 — zy X
(b)
x° = x 2y
0=y
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(©)

= y
(d)
x° = x+2y
yo =y

208. Supposeyou have the direction eld belowv. At time t = 2, you know that x = 2
andy = :25. What do you predict is the value of y whent = 0?

@y 1
b))y 1
cy O

(d) We cannottell from the information given.

209. Supposeyou have the direction eld belonv. We know that at time t = 0, we have
x = 2andy = :25. The pair (x(t);y(t)) is a solution that satis es the initial
conditions. When y(t) = 0, about what should x(t) be equalto?
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(@) x 2

(b) x 1
(c)x O
(d x 1

(e) We cannottell from the information given.

210. Which of the following solution curves in the phase plane might correspnd to the
solution functions x(t) and y(t) graphedbelow.
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(@) (b)

© (d)

Testing Solutions to Linear Systems

211. We want to test the solutionx; = e 2 and X, = e % in the system

X1+ 3X,
3X1 + X5

0
X1

X3

What equationsresult from substituting the solution into the equation?

(@)

2t e2t+3e 2t

20 = g Ay g

@ D
I
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(b)

e 2t — e 2t 3e 2t
e 2t — 3e 2t e 2t
(c)
2e 2t — e 2t + 3e 2t
2e 2t — 3e 2t +e 2t
(d)
2e 2t — e 2t 3e 2t
2e 2t — 3e 2t e 2t

(e) None of the above

212.1s X, = X» = X3 = € a solution to the systembelow?

X] = 3X1 X2t X3
X5 = 2X; Xa
X3 = X1 Xo+ X3

() Yes,it is a solution.

(b) No, it is not a solution becauset doesnot satisfy x9 = 3x; X + Xa.

(c) No, it is not a solution becauseit doesnot satisfy x9 = 2x;  Xs.

(d) No, it is not a solution becauset doesnot satisfy x3 = x; X, + Xs.

(e) No, it is not a solution becausedt doesn't work in any equation for all valuesof t.

213. Which of the following are solutionsto the systembelon?

x{ = 4x; X
Xg 2X1 + X5
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(@)

X = GZt
(b)

X1 = eZt

Xo = 2e2t
(©)

x; = &

X, = e

(d) None of the above.
(e) All of the above.

214. Sincewe know that both x; = x, = e® andx; = e !;x, = e ! are solutionsto the

system
X1

X3

X1+ 2X2
2X1+ X2

Which of the following are also solutions?

(@)

3t

Xy = 3e e

X, = 3t +el
(b)

x; = €' e!

X, = e'+e'
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(©)

X, = 2%+ 4et
X, = de '+ 2¢e
(d)
Xxp = 0
Xo = 0

(e) None of the above.
(f) All of the above.

Euler's Metho d and Systems of Equations

215. We have the systemof di erential equationsx®= 3x 2y andy®= 4y? 7x. If we
know that x(0) = 2 and y(0) = 1, estimatethe valuesof x andy at t = 0:1.

(@ x(0:1)=4,y(0:1)= 10
(b) x(0:1)=6,y(0:1)= 9
(c) x(0:1)= 24,y(0:1)=0
(d) x(0:1)=04,y(0:1)= 1
(e) None of the above

216. We have the systemof di erential equationsx®= x( x 2y+5)andy®= y( x y+10).
If we know that x(4:5) = 3 and y(4:5) = 2, estimatethe valuesof x andy at t = 4.

(&) x(4)=0,y4)= 3
(b) x(4) = 6,y(4) = 10
(c) x(4) = 6,y(4) =7
(d) None of the above

217. We have a systemof di erential equationsfor ‘é—f and ‘é—’t’ along with the initial con-
ditions that x(0) = 5 and y(0) = 7. We want to know the value of these functions
whent = 5. Using Euler's method and t = 1 we get the result that x(5) 142
and y(5) 238. Next, we use Euler's method again with t = 0:5 and nd that
x(5) l1l46andy(5) 53. Finally weuse t = 0:25, nding that x(5) 148 and
y(5) 3:7. What doesthis mean?
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(a) Fewer stepsmeansfewer opportunities for error, so (x(5);y(5)) (14:2;23.8).
(b) Smaller stepsizemeanssmaller errors, so (x(5);y(5)) (14:8; 3.7).

(c) We have no way of knowing whether any of theseestimatesis anywhere closeto
the true valuesof (x(5);y(5)).

(d) At thesestep sizeswe can concludethat x(5) 15, but we can only conclude
that y(5) < 3:7.

(e) Resultslike this are impossible: We must have madean error in our calculations.

Mo deling with Systems

218. In the predator - prey population model

d_x = ax a_x2 bx
dt N Y
% = cy+ kxy

with a> 0,b> 0,c> 0,N > 0,andk > O,
which variable represets the predator population?

(@) x
(b) &
€y
d) &

219. In which of the following predator - prey population models doesthe prey have the
highestintrinsic reproduction rate?

()
P°= 2P 3Q P
Q= Q+1=2Q P
(b)
P = P(1 4Q)
Q° = Q( 2+3P)
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(©)

P° = PB 2Q)

Q° = Q( 1+P)
(d)

P° = 4P(1=2 Q)

Q° = Q( 15+ 2P)

220. For which of the following predator - prey population models is the predator most
successfuht catching prey?

()

dx

a X 33Xy

dy _ _

Frii y+1=2x vy
(b)

dx

G x(1 4y)

dy _

at - y( 2+ 3x)
(c)

dx

a X3 2y)

dy _

at - y( 1+ x)
(d)

dx

i ax(1=2 )

dy

Gt - 2y( 122+ x)
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221.

222.

223.

In this predator - prey population model

d_x = ax + bx
dt y
dy _

o cy dxy

with a> 0,b> 0,c> 0,andd > O,
doesthe prey have limits to its population other than that imposedby the predator?

(@) Yes
(b) No
(c) Cannot tell

In this predator - prey population model

dx ax?

at = ax N bxy
% = cy+ kxy

with a> 0,b> 0,c> 0,andk > O,
if the prey becomesextinct, will the predator survive?

(@) Yes
(b) No
(c) Can not tell

In this predator - prey population model

d _ o
de N y
dy

—= = +

at cy + kxy

with a> 0,b> 0,c> 0,N > 0,andk > 0,
are there any limits on the prey's population other than the predator?

(@) Yes
(b) No
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(c) Can not tell

224. On Komodo Island we have three species: Komodo dragons (K ), deer (D), and a
variety of plant (P). The dragonseat the deerand the deereat the plant. Which of
the following systemsof di erential equationscould represen this scenario?

(@)

K° = aK bKD
D = cD+dKD eDP
P> = P+ gDP
(b)
K® = aK +bKD
D° = ¢D dKD + eDP
P = fP gDP
(c)
K = aK bKD+ KP
D° = cD+dKD eDP
P> = fP+gDP hKP
(d)
K® = aK+bKD KP
D° = c¢D dKD + eDP

P° = fP ¢gDP+hKP

225. In the two speciespopulation model

RO
FO

2R bFR
F+ 2FR

for what value of the parameterb will the systemhave a stable equilibrium?

(@) b< 0
(b) b=0
(c) b>0
(d) For novalueofb
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226. Two forcesare ghting oneanother. x and y are the number of soldiersin ead force.
Let a and b bethe ghting e ciences of x andy, respectively. Assumethat forcesare
lost only to combat, and no reinforcemems are brought in. What systemrepresets
this scenario?

(@)
dt y
dy _
a—bx
(b)
dx
i
dy _
a—ax
(c)
a 7
dy _
a—xb
(d)
dx
A
dy _
a—xa

227. Twoforces,x andy, are ghting oneanother. Let aandbbethe ghting e ciences of x
andy, respectively. Assumethat forcesare lost only to combat, and no reinforcemeits
are brought in. How doesthe sizeof the y army changewith respect to the sizeof the

X army?

(&) §=2

b) & =1

(© & =%

(d ¥= py ax
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228. Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
combat, and no reinforcemers are brought in. Basedon the phaseplane below, if
x(0) = 10and y(0) = 7, who wins?

(@) x wins

(b) y wins

(c) They tie.

(d) Neither wins - both armiesgrow, and the battles escalateforever.

229. Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
conmbat, and no reinforcemets are brought in. Basedon the phaseplane below, which
force hasa greater ghting e ciency?
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(a) x hasthe greater ghting e ciency.
(b) y hasthe greater ghting e ciency.
(c) They have the same ghting e ciencies.

230. Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
combat, and no reinforcemems are brought in. You are the x-force, and you want to
improve your chanceof winning. Assumingthat it would be possible,would you rather
doubleyour ghting e ciency or double your number of soldiers?

(a) Doublethe ghting e ciency
(b) Double the number of soldiers
(c) Thesewould both have the samee ect

Solutions to Linear Systems

231. Considerthe linear systemgiven by

dv 2 3

G- 0 4 ¥

1



232.

233.

234.

235.

236.

237.

t
True or False: Yy(t) = e is a solution.

0
. : Y . . t
Considerthe linear systemc(lj—t = S 34 Y with solution Yy(t) = e;

True or False: The function k Y;(t) formed by multiplying Y,(t) by a constant Kk is
alsoa solution to the linear system.

. . Y .
Consider the linear systemc(lj—t = S 34 Y. The functions Yy(t) and Y,(t) are

solutionsto the linear system.

True or False: The function Yy(t) + Y,(t) formed by adding the two solutions Y (t)
and Y,(t) is alsoa solution to the linear system.

_ . _sin(t) _ cogt) .
True or False: The functions Yy(t) = cogt) and Y,(t) = sin(t) arelinearly
independer.
True or False: The functions Y(t) = E(I)ns(g and Yy(t) = gi)ns(g are

linearly independer.

If we aretold that the generalsolution to the linear homogeneousystemY %= AY is

Y =ce® 1t ce :23 , then an equivalert form of the solution is

(@) y1= 2cie *+ e *andy, = 2c,e® + 3c,e
(b) y1= 2cie *+ 2ce™ andy, = cie # + 3¢,
() yi= 2cie “+ cie “ andy, = 2c,e™ + 3c,e™
(d) y1= 2cie *+ 2c.e* andy, = e # + 3c,e™
(e) All of the above

(f) None of the above

; +e g is a solution to the linear homogeneousystemY %= AY,

which of the following is alsoa solution?

fyYy=e?

(@ Y=2?2
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N

() Y=32 J 4o
2
3

(d) All of the above
(e) None of the above

(C) Y = 1=4e

238. The eigervaluesand eigervectorsfor the coe cien t matrix A in the linear homogeneous
systemY%= AY are ; = 4with v; =< 1;2> and , = 3with v, =< 21>,
What is a form of the solution?

1 2
— 4t t
(@ Y = ce 5 * c,e? 1
(b) Y = ¢ e 1 tGe 3t
1
(c) Y = ce 5 tce 3t 1

(d) Y=ce* + e’

1

239. You have a linear, homogeneoussystem of di erential equationswith constart co-
e cien ts whosecoe cient matrix A has the eigensystem:eigervalues-5 and -2 and
eigervectors<  1;2 > and < 4;5 >, respectively. Then a general solution to

dy L
r = AY is given by:
_ k,e S+ 2k,e &
(a) Y= 4kle Sty 5kze 2
_ kle A 4kge 5t
(b) Y= 2kle 2t 4 5kge 5t
_ k,e 3t 4k,e %
© Y= e %+ skee 2
(d) Y = kle 24 2kge St

4kle 24+ 5kze 5t

240. The eigervaluesand eigervectorsfor the coe cien t matrix A in the linear homogeneous
systemY®= AY are ;= 4with vy =< 1;2>and ,= 3withv,=< 2;1>. In
the long term, phasetrajectories:

(a) becomeparallel to the vectorv, =< 2;1>.
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(b) tend towards positive in nit .

(c) becomeparallel to the vectorv, =< 1;2>.
(d) tend towards 0.

(e) None of the above

241. If the eigervaluesand eigervectors for the coe cient matrix A in the linear homoge-
neoussystemY®= AY are ;= 4with v; =< 1;2> and , = 3with v, =< 2;3>,

. 1 .
isy,= e ™ > a solution?

(@) Yes,it is a solution.

(b) No, it is not a solution becauseat doesnot cortain 5.
(c) No, it is not a solution becauset is a vector.

(d) No, it is not a solution becauseof a di erent reason.

242. The eigervaluesand eigervectorsfor the coe cien t matrix A in the linear homogeneous
systemY%= AY are ;= 4with vy =< 10> and , = 4 with v, =< 0;1>. What is
a form of the solution?

1
@ Y=cet  +cet
1 0
- 4t 4t
(b) Y = cie 0 + ce 1
1
— t 4t
() Y = et o * cte 1

(d) Y=ce® 2 +ce M

1
1 3
multiplicit y 2, and all eigervectors are multiples of v =< 1; 1 >. TestingY =

e 11 ,we nd that

243. The system of di erential equationsY? = Y haseigervalue = 2 with

(a) Y is a solution.
(b) Y is not a solution.
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1
1 3
multiplicit y 2, and all eigervectorsare multiples of v =< 1; 1>. Onesolution to this

244. The system of di erential equationsY? = Y has eigervalue = 2 with

equationis Y = &* . TestingY = te* 11 , we nd that

1

(@ Y = te* 11 is also a solution.

(b) Y = te® 11 is not a solution.

245. The eigervaluesand eigervectorsfor the coe cien t matrix A in the linear homogeneous
systemY®= AY are = 4 with multiplicit y 2, and all eigervectorsare multiples of
v=<1, 2>. What isthe form of the generalsolution?

1
— 4t 4t
(@ Y = ce 5 + cte 5
1
— 4t 4t
(b) Y = cie 5 + ce >
1 1 0
() Y=ce* , tG te > +e™ 1

Geometry of Systems

. . . dy . : . .
246. The di erential equation r = AY hastwo straight line solutions correspnding to

; and v, = 12 that are shavn on the direction eld below.
We denotethe assaiated eigervaluesby ; and ».

eigervectorsv, =
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We can deducethat ; is

(a) positive real

(b) negative real

(c) zero

(d) complex

(e) There is not enoughinformation

247. The di erential equation C(Ij—t = AY hastwo straight line solutions correspnding to

; and v, = 12 that are shavn on the direction eld below.
We denotethe assaiated eigervaluesby ; and ».

eigervectorsy, =

We candeducethat 5 is

(a) positive real

(b) negative real

(c) zero

(d) complex

(e) Thereis not enoughinformation

. . . dy . : . .
248. The di erential equation r = AY hastwo straight line solutions correspnding to

1 . .
andw, = that are showvn on the direction eld below.

eigervectorsy, = 5

1
2
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Supposewe have a solution Y (t) to this systemof di erential equationswhich satis es

initial condition Y (t) = (Xo;Yo) Wherethe point (Xo;Yo) is not on the line through the

point (1; 2). Which statemert bestdescritesthe behavior of the solutionast! 1 ?
(a) The solution tends towards the origin.

(b) The solution movesaway from the origin and asymptotically approatesthe line
through < 1;2>.

(c) The solution movesaway from the origin and asymptotically approadesthe line
through< 1; 2>.

(d) The solution spirals and returns to the point (Xo; Yo)-
(e) Thereis not enoughinformation.

249. Supposeyou have a linear, homogeneousystemof di erential equationswith constart
coe cien ts whosecoe cien t matrix hasthe following eigensystem:eigervalues-4 and -
1 andeigervectors< 1;1> and< 2;1> respectively. The function Y (t) is a solution
to this systemof di erential equationswhich satis es initial value Y(0) = ( 15;20).
Which statemert best descrikesthe behavior of the solutionast! 1 ?

(a) The solution tends towards the origin.

(b) The solution movesaway from the origin and asymptotically approatesthe line
through < 1;1>.

(c) The solution movesaway from the origin and asymptotically approadesthe line
through < 2;1>.

(d) The solution spirals and returns to the point ( 15; 20).
(e) Thereis not enoughinformation.

83



250. Supposewe have a linear, homogeneousystemof di erential equationswith constart
coe cien ts who coe cient matrix hasthe following eigensystem:eigervalues 4 and

1 and eigervectors< 1;1> and< 2;1> respectively. Supposewe have a solution

Y (t) which satis es Y (0) = (Xo; Yo) Wherethe point (Xo;Yo) is not on the line through

the point (1;1). How can we best descrike the manner in which the solution Y (t)
approadesthe origin?

(&) The solution will approad the origin in the samemanner asthe line which goes
through the point (1;1).

(b) The solution will approad the origin in the samemanner asthe line which goes
through the point ( 2;1).

(c) The solution will directly approad the origin in a straight line from the point
(Xo; Yo)-

(d) The answver can vary greatly depending on what the point (Xq;Yo) Is.
(e) The solution doesn't approad the origin.

251. Using the phase portrait below for the systemY® = AY, we can deducethat the
eigervaluesof the coe cient matrix A are:

(a) both real

(b) both complex

(c) onereal, one complex

(d) Not enoughinformation is given

252. Using the phaseportrait below for the systemY® = AY, we can deducethat the
eigervaluesare:
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(a) of mixed sign
(b) both negative
(c) both positive
(d) Not enoughinformation is given

253. Using the phase portrait below for the systemY® = AY, we can deducethat the
dominart eigervector is:

@< 11>
(b) < 1,3>
(c) <1 2>

(d) There is no dominart eigervector becausethere is no vector that is being ap-
proadhed by all of the solution curves.

(e) Not enoughinformation is given

254. Which phaseportrait below correspndsto the linear, homogeneoussystemof di er-
ertial equationswith constart coe cien ts whosecoe cient matrix has the following
eigensystem:eigervalues-5 and -2 and eigervectors< 1;2> and< 4;5>, respec-
tively?
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255. Classify the equilibrium point at the origin for the system

dy 11 _
G- 41 v
(@) Sink
(b) Source
(c) Saddle

(d) None of the above

Nonhomogeneous Linear Systems

256. Which of the following would be an appropriate guessfor the particular solution to the
forced ODE y°= 3y + t2?
@) yp = gt?
(b) yp= 1+ Cot + cat?
() Yp = cie ¥ + cpt?
(d) ¥p

cie 3+ gt?+ gt + ¢y
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e yp=c+ Cot?

257. Which of the following would be an appropriate guessfor the particular solution for
2 0 26t

the decoupledsystemY °= 0 3 Y + o ?
@ et e

O

© %

o

258. Which of the following would be an appropriate guessfor the particular solution for

2 1 et
0= ?
the systemY 5 3 Y + o

(@) e + ce
ce™ + ¢y

C;|_e4t + Czet
b e
Cle4t
(c) e

C;|_e4t
(d) 02(34t + Cg,et

259. Which of the following is a particular solution for the systemY°= Y +

Ge4t
2¢!

?

et + c,e
e + ¢,€e

2:4e™ + 0:2¢"
1:2e™ + 0:6€'

1:05¢* + 0:2¢'
3™ + 0:6¢6
(d) More than one of the above

@ Yp=
(b) Yp=

©) Yp=
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260. Which of the following is the generalsolution for the systemY? =

6e4t
2¢ ?
1 1:05¢" + 0:2¢'
— 4t t
@ Y=ke™  +ke' |+ s, o
1:05¢" + 0:2¢
—_ 4t t
(B) ¥ =kie T+loe T+ Yoy e
1 1 1:05e" + 0:2¢'
— at
(© Y = ke vk g+ Ty e
1 1 1:05¢" + 0:2¢'
— 4t t
@ ¥=te®  *hke' 5 * gey06d

261. Which of the following would be an appropriate guessfor the particular solution for

2 1 e &
the systemY®= Y + ?
y 2 3 el
e ¥+ et
ce M+ et

(@)

ce *+ et

& %
ce

(c) ce 't

(@ ce A

e *+ et
(e) None of the above

262. Which of the following would be an appropriate guessfor the particular solution for

the systemY °= 22 03 Y + Ei: ?
@ ool oo
O et o
© %
ceM

(d) Cge4t + Cget
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263. Which of the following would be an appropriate guessfor the particular solution for

the systemY %= 2 1 y+ SN,

2 3 3t

ciSin t+ ot
C3Sin t+ gyt

(@)

(b) c1Sin t+ c,cos t+ cgt+ ¢y
CsSin t+ cscos t+ it + ¢

ciSin t+ gt + ¢

(©) CsSin t+ cst+ Cg
ciSin t
(d) Gt + c3

Nonlinear Systems

264. The nonlinear systemof di erential equationsgiven below hasan equilibrium point at

(0; 0). Identify the systemwhich represets a linear appraximation of the nonlinear
systemaround this point.

at Y
dy _ .
at 2y + sinx
(a)
dx
A
dy _
-y
(b)
dx _
dt
dy _
- Y
(©)
dx
a oYt
d



(d)

265. For the nonlinear systemgiven below, compute the JacobianJ(x; y) that we assaiate

to it.
d
d—)t(=x+2xy
(a)
J(x;y) = 1;X2X 2>;
(b)
J(x;y) = 1;X2y 2X2
(c)
J(xy) = 2X2 1;X2y
(d)
J(xy) = 1fxzy 2)(2

266. The nonlinear system given below has an equilibrium point at (0;0). Classify this

point.
% = X+ 2Xy
dy _ 2
G- YT

(@) Sink

(b) Source

(c) Saddle

(d) Spiral Sink
(e) Spiral Source
(f) Center
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Intro duction to Partial Dieren tial Equations

267. Which of the following functions satis es the equation x% tyg “ f?

(@) f = e*Y

(b) f =2x+3y+5
(C) f = X0:2y0:8

(d) f =x%?

(e) More than one of the above

268. Which of the following functions satis es the equation x% tyg “ f?

@ f = 18 xy
(b) f = 3x02y038
(c) f = 5x%4y0s6
(d) f = 37oyot
(e) All of the above

269. Doesthe function f = 3x satisfy the partial di erential equation x% + y% =f?

(@) Yes
(b) No

270. Consider the heat di usion equation: % = % where T (y;t) is a function which
descrikes the temperature T (in  F) at position y (in meters) at time t (in hours).
What are the units of the constart , usually called the thermal di usivit y?

(a) meterssquaredper F hour
(b) meterssquaredper hour
(c) F per hour

(d) F per meterssquared

271. At time t = 0 the temperature of a concreteslab is descrilked by the function T (x) =
10cosggx + 3x + 40wherex = 10 at one end of the slaband x = +10 at the other
end. The way the temperature will changeover time is cortrolled by the heat di usion
equation: & = %. At what rate is the temperature changingat x = Oandt = O if

@
= 2 meterssquaredper second?
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(@ 2 F persecond
(b) ?2 F per second
(c) g F persecond
(d) 1—(2) F per second
(e) None of the above

272. For what value of ¢ doesthe function T(y;t) = 3e®sin2 y satisfy the heat di usion
equation & = % where = 4?

@
(@) c= 1672
(b) c=4
(c) c=1272
d) c= 6
(e)c= 4°2

(f) None of the above

273. The function T(y;t) = 2e “ sinby is asolution of the heatdi usion equation% = %

where is in feef per second.What are the units of the constarts 2, 4, and 5?
(a) 2 feef per second4 inverseseconds5 radians

(b) 2 F per second4 secondsp inversefeet

(c) 2 F, 4inversesecondsp radians per foot

(d) 2 F, 4 secondsp feet per radian

(e) None of the above

274. We have solved the heat di usion equationto nd a function that descritesthe tem-
perature of a concreteslab that extendsfrom x = 10to x = +10, nding that
T = Ae<'cos@Bx) + Cx + D, whereA = 25,B = 55 C=80,and D = 2. Where
is the slab warmest?
(@) In the certer
(b) At x= 10
(c) At x = +10
(d) At another location
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275. Wewant to nd a function that descrikesthe temperature ewolution of a concreteslab
that extendsfrom x = 15to x = +15, of the form T = Aek! cos@x) + C. We know
that initially the slabis hottest in the certer, and that temperature decreasesutward
until it readhesthe edges,which are both held at a xed temperature. What value
must B have?

(@ B =g
(b) B=1572
(c) B= 5
(d) B =30

(e) None of the above

276. We are solving the heat di usion equationto nd a function that describeshow the
temperature of a concreteslab changesover time, and nd that the function is of the
form T = Ae'sin(Bx) + C. We know that the endsof the slab (at x = 0 and x = 20
meters)are both always held at a temperature of 90 degreesand the certer of the slab
starts out at a temperature of 50 degreesbeforeit starts to warm up. What are the
valuesof A, B, and C?

(@) A=40,B = =10,C = 90
(b) A= 40,B = =20,C = 90
(c) A= 20,B=20,C=70
(d A= 40,B= =10,C = 50

277. The temperature of a concrete slab must satisfy the heat di usion equation % =

% where = 2 meters squaredper hour, with the boundary conditions that the
temperature is always 60 F at the origin and at x = 10 meters. Which of the following
could be T(x; t)?

(@ T=7e! #5singx + 60

(b) T= 18 ' *#5sinZx + 60

(c) T =260

(d) T = 334e ' “¥5sind x + 60

(e) All of the above

278. Supposethe function Ty(X;t) solvesthe heat di usion equation i %. Which of
the following transformations of this function would NOT alsobe a solution?

(@) T1= 3Ty
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(b) T, = (To)2

(C) T3 = To + 50
(d) Ta= To

(e) All are solutions

279. Supposewe have two di erent functions f (x; t) and g(x;t) which eadh solwe the heat
di usion equation % = %. Which of the following would NOT also be a solution?

(@ T=f+g

(b) T=2f 3g
(c) T=f+g+ 10
() T="

(e) All are solutions

280. The wave equation % = é% allows us to understand the motion of water waves,
soundwaves,or light waves. If the function givesusthe heigh of the wave in inches
as a function of position x in feet, and time t in secondswhat are the units of the
constart C?

(a) feetsquaredper secondsquared
(b) secondger foot

(c) feet per second

(d) inchesper second

(e) None of the above

281. We conjecturethat the function = Asin(kx + ! t) is a solution to the wave equation
% = é% If A= 10,k = 3and C = 5, what value could! have?
@ ! =15
(b) ' =150
(c)! =35
(d) ! =9=25
(e) ! =225
282. The function = Asin(kx + !'t) is a solution to the wave equation % = é% If
A =10,k=3and! = 5, which direction is the wave traveling?

(@) In the +x direction
(b) In the x direction
(c) Not enoughinformation is given.
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Integrating Factors

283. If y is a function of t, which of the following ist y°+ fly equivalert to?

@ [yP
0 Ty
(©) ty°
@ 3

(e) None of the above

0

284. Which of the following is an integrating factor for y°+ 3ty = sint?

3t2

(a) e2
(b) €

(C) esint

(d) e cost

(e) e¥

(f) All of the above

285. Which of the following is an integrating factor for y°+ 2y = 3t?
(a) &
(b) e2t+5
(c) ee*
(d) 7e*
(e) All of the above
(f) None of the above

286. Which of the following is an integrating factor for 3y°+ 6ty = 8t?
(a) e
(b) €”
(c) €
(d) All of the above
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(e) None of the above
(f) This problem cannot be solved with integrating factors.

287. Can integrating factors be usedto sole y°+ 2ty = 1?

R
(a) Yes.The solutionisy = e ' edt:

R
(b) No - we cannotevaluate e dt:

288. The di erential equationy®+ 2y = 3t is solved using integrating factors. The solution
isy = gt % + Ce 2. Which of the following statemeris descrikes the long-term
behavior ast! 1 ?

(a) The solutionswill approad zero,becausee %! Oast! 1.
(b) The solutionswill grow without bound becausegt I 1 ast! 1.

(c) The long-term behavior depends on the inital condition; we needto know the
value of C beforewe can ansver this.

289. Which of the following is €% (y°+ 2y) equivalert to?

(@) [ey]°
(b) [e*y]°
(c) ey’
(d) e'y°
(e) None of the above

Power Series Solutions

290. What is the solutionto & = f?

(@) f(x) = ¢
(b) f(x)= 1+ x+ 2x2+ 13+ =x*+
(c) Both of the above

291. Determine which of the following is a solution to the equationy® xy = 0 by taking
derivativesand substituting them into the di erential equation.

— 1,2 1,3 14
(@ y= 1+ X+ X7+ eX°+ 5x* +
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—_ 1.4 17 110
(b)y—x+mx + X'+ X

— 1.3 1 6 1 9
(C) y= 1+ 73X + 73561 + 535689X +

— 12 4 14 1 6
(d)y—1+§X t X T ageX Y

(e) None of the above

. . P . .
292. Write the series ﬁzz(n + 1)a,x" asan equivalert serieswhose rst term correspnds

to n = O rather than n = 2.

@ © Lo+ Dax

(b) © 1o(n+ B x"?
©) _poo(n 1)a, ox" 2
@ 1o Danex™

T U T

293. What is the secondderivative of the function de ned by the power seriesy(x) =

1

n=0 aan?
P
@yt = o N(N Lag ox" 2
(b) yZ?X) =5 ﬁzo(n + 1)ags X"
(c) y%¥x) = 5 n=o (N + 1)(N+ 2)ag.2 X"
@) y®x) = ;o0 2)(n 3)a, x" 4

P
294. Find a power seriesin the form y(x) = Lo a,x" that is a solution for the di erential

equation y® = 3y, by taking the derivative of this series,substituting both the series
and its derivative into the di erential equation, and simplifying the result.

(@) an+1 = 3rén
(b) an+1 = ﬁan
(C) ane1 = n—3lan
(d) a1 = —2a,

295. Which of the following power seriesis a solution to the di erential equationy®= 2y?

(@) y(x) =2 2x+2x2 2x3+ x4+
(b) y(x) = 1+ 2x+ 2x% + 3x3+ 2x* +
© yx)= 2 x 2x* Ix*+

d) y(x) =2 4x+ 4x* Sx3+ x4+
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e y(x)= 1 2x 2% x3 2x*+
3 3

296. Find a power seriesin the form y(x) = P Lo a,x" that is a solution for the di erential
equationy®® 4y = 0, by taking the secondderivative of this series substituting both the
seriesand its secondderivative into the di erential equation,and nding a di erence
equationfor a,.

(@) @2 = mrpraeay e
(0) @2 = o zyon
(©) @2 = pep @
(d) a2 = sropen

297. Which of the following is a solutionto (x 2)y*® y= 0?

(@) x+ 3x%+ Lx3+ x4+

(b) (x 2)+ 3(x 2+ f5(x 2P+ gz(x  2)*+

(©) (x+2)+ J(x+ 22+ f(x+ 2+ (x+ 2+

(d) 144 (x 2) 72(x 2)> 12(x 2)* (x 2)*+
(e) None of the above

(f) More than one of the above

: . P . .
298. Find a power seriesin the form y(x) = i:o a,(x 1)" that is a solution for the
di erential equationy® xy = 0. Hint: After subsituting in the seriesfor y and y®it
may be usefulto write x = 1+ (x 1).
(a) dn+2 = (r?if)(a;.é)
) a2 = fiiy
(C) dn+2 = (;:5?;:12)

antan+1

(d) An+2 = (M(n+1)
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299.

Laplace Tranforms

True or False The Laplacetransform method is the only way to solve sometypesof
di erential equations.

300. Which of the following di erential equationswould be impossibleto solwe using the

301.

302.

303.

304.

Laplacetransform?

(a) &= 12c+ 3sin(2r) + 8cog(3r + 2)

d?f d _
(b) Gz 1005 = gy

(©) o%b = ¥
(d) pg) = 2+ 96p° 12p

Supposewe know that zerois an equilibrium value for a certain homogeneoudinear
di erential equation with constart coe cients. Further, supposethat if we begin at
equilibrium and we add the nonhomogenouslriving term f (t) to the equation,then the
solution will bethe function y(t). True or False: If insteadwe add the nonhomogeous
driving term 2f (t), then the solution will be the function 2y(t).

Supposewe know that zerois an equilibrium value for a certain homogeneoudinear
di erential equation with constart coe cients. Further, supposethat if we begin at
equilibrium and we add a nonhomogenouslriving term f (t) to the equationthat acts
only for aninstant, att = t;, then the solutionwill bethe function y(t). True or False:
Even if we know nothing about the di erential equationitself, using our knowledgeof

f (t) and y(t) we caninfer how the systemmust behare for any other nonhomogeneous
driving function g(t) and for any other initial condition.

The Laplace trangform of a function y(t) is de ned to be a function Y (s) so that
L[y(t)] = Y(s) = 01 y(t)e stdt. If we have the function y(t) = €%, then what is its
Laplacetransform L[y(t)] = Y(s)?

(@) L[y(t)] = L: if s> 5.

s 5
(b) LIy(t)] = L if s< 5.
© Lyt = L if s> 5.

(d) Lly()] = & if s< 5.

What is the Laplacetransform of the function y(t) = 17?
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(&) LIy(1)] =
(b) Lyl =
(©) LIy(®)]= §
(d) LIyt = §

if s> 0.
if s< 0.
if s> 0.
if s< 0.

1
s
1
s

(e) This function hasno Laplacetransform.

305. What is L [e*]?

@ LI = 5
O L=
© LI = &
@ L=

if s< 3.
if s> 3.
if s> 3.

if s< 3.

306. Supposewe have the Laplacetransform Y (s) = 5—12 and we want the original function

y(t). What is L

@@Lt =

b) L * 2

s 2

1 1 o
s 2 °

e2t

e2t

(c) This cannot be done

307. Supposewe know that the Laplacetransform of a particular function y(t) is the function
Y (s) sothat L[y(t)] = Y(s). Now, supposewe multiply this function by 5 and take
the Laplacetransform. What can we say about L [5y(t)]?

(@) L[5y(D)] = 5Y(s).

(b) L[3y(D)] =
(c) L3yl =

5Y (s).
Y (9).

(d) LIBy(1)] = ze °Y(s).

(e) Noneof the

above

308. Supposewe know that the Laplacetransform of a particular function f (t) is the func-
tion W (s) and that the Laplacetransform of another function g(t) is the function X (s)

sothat L[f (t)] =

W (s) and L[g(t)] = X (s). Now, supposewe multiply thesetwo func-

tions together and take the Laplacetransform. What canwe say about L[f (t)g(t)]?

(@) LIf (Dg(t)] = W(s)X(s).
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(b) LIf (o] = ¥&.
(€) LIfF(Ma()] = W(s) + X(s).
(d) LIf (t)a(t)] = W(s) X(s).
(e) None of the above

309. Supposewe know that the Laplacetransform of a particular function f (t) is the func-
tion W(s) and that the Laplacetransform of anotherfunction g(t) is the function X (s)
sothat L[f (t)] = W(s) and L[g(t)] = X (s). Now, supposewe add thesetwo functions
together and take the Laplacetransform. What canwe say about L[f (t) + g(t)]?

() LIf (1) + g(t)] = W(S)X(9).
(b) LIfF () + (D] = Yo
(€) LI (t) + 9(t)] = W(s) + X (s).

(d) LIf(t) + g(t)] = W(s) X(s).
(e) None of the above

310. Supposewe have the Laplacetransform Y (s) = -5 + & and we want the original
function y(t). WhatisL 1 L+ 2>

s 2 s+6 °

1 1 5 — t 6t=5
@L*'gstas =€ +é

1 1 — [§)
by L' 5+ =e+5e®

1 1 5 — t 6t
(Lt A5+ % =5

1 1 5 _ eXeft
L5+ =5

(e) This cannot be done

311. Supposewe know that L[y(t)] = Y(s) and we want to take the Laplace transform of
the derivative of y(tg, L f’j—{ . To ggt started, recall the method of integration by parts,
which tells usthat udv= uv v du.

@ L ¥ =y(t)e s+ sY(s)

) L 2 =y)es sY(s).
) L ¥ =y(0)+sY(s)

@@L ¥ =y0) sY(s).
@ L ¥ = y0)+sY(s)
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R
312. Weknow that L[y(t)] = Y(s) = 01 y(t)e sdt andthat L ‘(’j—¥ = y(0)+ sY(s). What
do we getwhenwe take the Laplacetransform of the di erential equation‘é—i’ = 2y+3e!
with y(0) = 2?

(@) 2+ sY(s) = 2Y(s) + ==

(b) 2+ sY(s) = 3Y(s) + 25
() 2+ sY(s)=2Y(s)+ =

s+l

(d) 2+ sY(s)=2Y(s) ==

s+l

(e) 2 sY(s)= 1Y () + &

S

313. We know that L[y(t)] = Y(s) and that L f’j—{ = y(0) + sY(s). Take the Laplace
transform of the di erential equation ‘é—’t’ = 5y+ 2e 3 with y(0) = 4 and solve for Y (s).

_ 2 4
@Y= 35" 55

5
B) Y(8) = sFs5 " 55
(C) Y(S) = (s+3)(23 5) + 3;45
(d) Y(s) = (s+3)(2 s5) T o

314. Supposethat after taking the Laplacetransform of a di erential equationwe solwe for

the function Y (s) = m This is equivalert to which of the following?

@ Y(e)= 5+

s+2 s 6
_ 8=3 8=3
(b) Y(8) = o7 *+ 55
_ 3=8 3=8
©YO)=s3* 5%
_ 8=3 8=3
d YOS =3t 53
h i
H 1 3
h i
1 3 — 2t A6t
(@ L TS e “e
|
1 3 — 340 2t 3 46t
(b) L (s+2)(s 6). g€~ t g€
|
1 3 — 3,2t 3 6t
©OL" wata & ge
|
1 3 — 3=8 2t =8 L6t
AL eose =€ e + e8¢
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h [
1 3 — 3 2t 3, 6t
©L " case = o€ +ge

. - . d _ . _ M
316. Solwe the dierential equation § = 4y + 3e* with y(0) = 5 using the method of

Laplacetransforms: First take the Laplacetransform of the erntire equation, then solve
for Y (s), usethe method of partial fractionsto simplify the result, and take the inverse
transform to get the function y(t).

(@) y(1) = 3¢ + 3e
(b) y(t) = Je* + Je 2
(c) y(t) = Je * + Ze*
(d) y(t) = e “+ 3

317. Considerthe Heaviside function, which is de ned as

0 ift<a
U= 1 ¢ a

Supposea = 2. What is the Laplace transform of this L[u,(t)]? Hint: It may be
helpful to break this integral into two pieces,from 0to 2 and from 2to 1 .

(@) Llux(t)] = g2+ ¢
(b) Llux(t)] = g > ¢
© Llu(t)] = e ®
(d) Llux(t)] = ge *

(e) Llux(t)] = g€

318. Find the Laplacetransform of the function us(t)e ¢ 9.
(@) Llus(the ¢ 9= &
(b) Llus(t)e ¢ 9]= &7
(c) Llus(tye @ 9= €&~

s+l
s+l
(d) Lus(t)e ¢ 9= &

s+l

319. Find the Laplacetransform of the function u,(t)e3® 4,

(@) Luy(t)et 9= &=
(b) Llus(t)e’t 9]= &
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(©) Llug(t)edt 9= &=
(d) Lug(t)et 9= =
(e) L[us(t)ext 9= &5

320. Find L 1h§j|
h i
(8) L ' &7 = up(te X I
(b) L 1hgf = uy(t)e 3t 2)
L * ‘;Zsf = uy(t)e ¢ 3
d) L 1he;+325f = ug(t)e 2(t 3)
(e) L 1h§+325f = us(t)e 2(t 2)
() L 1hif§' = ug(t)e X 2
321. Use Laplace transforms to solwe the di erential equation ‘3—{ = 2y + 4uy(t) with
y(0) = 1.

@) y(t) = e 2+ 2uy(t)e © 2 2u,(t)e 2t 2
(b) y(t) = e 2+ duy(t)e @ 2 duy(t)e 2t 2
(©) y(t) = e 2+ 2uy(t) 2uy(t)e 2t 2
(d) y(t) = e 2+ duy(t) 4duy(t)e 2t 2

h i
322. What is the Laplacetransform of the secondderivative, L ‘(’;—zy ?
hdz [
@ L & = yY0)+sLly]
h i

(b) L h?,%_ = yY0) sy(0)+ sLIy]
|

© L hﬂi—!, = yY0) sy(0)+ sL[y]
|

@ L = y(0)+sy0) L]
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323. We know that the di erential equationy®= "y with the initial condition y(0) = 0
and y(0) = 1 is solwed by the function y = sint. By taking the Laplace transform of
this equation nd an expressionfor L[sint].

(@) L [sint] =

(b) L[sint]= 25
(c) L[sint] = >
(d) L[sint]= ¢

1
s2+1

324. Find an expressionfor L[sin! t], by rst usingyour knowledgeof the secondorder dif-
ferertial equationand initial conditionsy(0) and y{0) that are solved by this function,
and then taking the Laplacetransform of this equation.

(@) L [sin!t]= 2

s2+1

(b) L[sin!t]= o

(©) L[sin!t]= 1>

(d) L[sin!t]=

s2+1

(e) L[sin! t] = o

325. Find an expressiorfor L[cos! t], by rst usingyour knowledgeof the secondorder dif-
ferertial equationand initial conditionsy(0) and y{0) that are solved by this function,
and then taking the Laplacetransform of this equation.

(@) L [cos! t]=
(b) L [cos! t]= S

S __
s2+12

s2+12

(¢) L[cos! t]= 2
(d) L[cos! t]= o
(e) L[cos! t]= o>

326.Find L *

(@ L *
(b) L *
(cpL?
d L *
(e) Lt

3s

4+s2

3s
4+ s?

3s
4+ s?

3s
4+ s?

3s
4+ s?

3s
4+s2

3coszt.
3 cosAt.
4cos3t.
3sin2t.
3sin4t.
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f) L ' =, = 4sin3t.

4+ s?

327.Find L ! 2o .
@L!!2s = 55inp§t.
by L * 2 = 55inp5t.
L2 = gsinp§t.
d L2 = gsinpét.
e)L ! 2s = ?§—§sinp§t.

328. We know that the function f (t) has a Laplace transform F(s), sothat L[f (t)] =
01 f (t)e Stdt = F(s). What can we sa about the Laplacetransform of the product
L[ef (1)]?
(@) L[ef ()] = e*F(s).
(b) L[eMf (1)] = e*F(s).
(c) L[ef ()] = F(s a).
(d) L[e*f (t)] = F(s+ a).
(e) We cannotmake a generalstatemert about this Laplacetransform without know-
ing f (t).

329. Find L[3e* sin5t].

(@) L[3e* sin5t] = 3

O
(b) L[3e*sin5t] = ﬁ.
(C) L[3e4t S|n5t] = (51431'72_'_25
p_
(d) L[3e* sin5t] = %.
. Pz
(e) L[3e" sin5t] = oo
h i
; 8
h [
(a) L 1h(5+3)%16 = 2e 3t sin4t
|
(b) L 1 (S+3)++16 = 2e 4tSin3t
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h [
(c) L lh(s+3)++16.

I
8
(d) L ! (s+3) 2+16

8e 3 sin4t

2e3 sin4t

331.s?+ 6s+ 15is equivalert to which of the following?

(@) s>+ 6s+ 15= (s+ 2)?+ 11
(b) s2+ 6s+ 15= (s+ 3)’+ 6

(c) s+ 6s+ 15= (s+ 5)? 10
(d) s+ 6s+ 15= (s+ 6)> 21

332.Find L * 2% by rst completingthe squarein the denominator.

s2+6 s+15
(@ LB =2 i Bt
() L 1 2% = 2efcos” bt
Lt B0 =2* cos’ 6t
@ Lt 2% =i &
() L 1 o2 =€ cos 6t
(fyL ! 2 =et cos’ &

333.Find L ' 28 _ by rst completingthe squarein the denominator.

s2+6 s+15

(@) L 1 28 2e ¥ cosp 6t

s2+6 s+15

b) L' B2 =2* cos” Bt + 2
L' 2L =2* cos 6+ 2e Fsin’ Bt
P . P
2s+8 —
(d) L ' 2285 =2 %cos 6t+ e Fsin 6t

334. Supposethat after taking the Laplace transform of a di erential equation we obtain
the function Y (s) = (52+16§% This is equivalert to which of the following?

— 2s=19 2s=19
@) Y(s) = 525+16 + sz+3

—  2s=19 2s=19
(b) Y(s) = 52i16 + s§+3

_ 2s=13 2s=13
(€) Y(s) = SZS+16 + SZS+3

—  2s=13 2s=13
(d) Y(s) = 52i16 + s§+3
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h i
335.Find L ' ooy -

h [

P

(a) L 1h(52+16§% = 1—23C084t+ %COS 3t.
|
O
1 2s — 2 2

(b) L hm' = zCos4t  5cos 3.

|

1 2s
©L " e

|
: . P
1 2 2 %
(d) L (52+16)(552+3) 52 sin4t 13 3 sin 3t.

336. UseLaplacetransformsto solwe the di erential equationy®’=

that y(0) = yY0) = 0.

(@ y= ﬁsinpiH 2sin3t
(b) y= ifsinloﬁt 2 sin3t
(c)y= 1%sinloét L sin3t
d) y= 1—72cosp§t+ L cos3t

337. The Dirac delta function ,(t) is de ned so that

) . P=
2
Z sin4t + Eﬁ—gsm 3t.

2y + 4sin3t if we know

a(t) = Ofor all t 6 a, and if we

fptegrate this function over any integral cortaining a, the result is 1. What would be

O(a(t) + 24(t) 3 s(t)+ 5 n(t) dt?

(@ 1

(b) O

(c) 4

(d) 5

(e) 30

(f) This integral cannot be determined.

. Ry
338. Find " (6(t) (1) s(t) oft)) dt?

(@ 1

(b) O

(1

(d) 4

(e) 5

(f) This integral cannot be determined.
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339. Find L [ 7(t)].

(@1
(b) 7
) e s
d)e™

(e) This integral cannot be determined.

340. Find L [ o(t)].

(@) O
(b) 1
(c) es®
d) e

(e) This integral cannot be determined.

341. We have a systemmodeled as an undamped harmonic oscillator, that beginsat equi-
librium and at rest, soy(0) = y40) = 0, and that receivesan impulse forceat t = 4,

sothat it is modeledwith the equationy®=

(@) y(t) = ug(t) sin3t
(b) y(t) = Fus(t)sin3t
(©) y(t) = ug(t) sin3(t

(d) y(t) = 3ua(t) sin3(t

4)
4)

9y + 4(t). Find y(t).

342. We have a systemmodeled as an undamped harmonic oscillator, that beginsat equi-
librium and at rest, soy(0) = yY0) = 0, and that receivesan impulse forcing at t = 5,

sothat it is modeledwith the equationy®=

(@) y(t) = us(t) sin2t

(b) y(t) = 3us(t) sin2(t
(c) y(t) = Fux(t) sin2(t
(d) y(t) = Zup(t) sin5(t
(e) y(t) = fus(t) sin2(t

5)
5)
2)
2)
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343. For many di erential equations,if we know how the equation responds to a nonho-
mogeneoudorcing function that is a Dirac delta function, we can use this response
function to predict how the di erential equationwill respond to any other forcing func-
tion and any initial conditions. For which of the following di erential equationswould
this be impossible?

(@) po) = 5+ 960° 12
(b) €7 1004 + 14nm = 18

‘dn? In(n)

(c) &% 100 = &

dx2 dx In(x)

(d) $= 12c+ 3sin(2r) + 8coS(3r + 2)

R
344. The convolution of two functionsf g is de ned to be ;f (t u)g(u)du. What is the
cornvolution of the functions f (t) = 2 and g(t) = e*?

@f g=¢& 1
(b) f g=2 2
(c)f g=4e" 4
(@ f g=3¢" 3
(e) This corvolution cannot be computed.

345. What is the corvolution of the functions f (t) = u,(t) and g(t) = e 3?

@f g=32 §
(b) f g=1e> 1
©f g= 33 2+3
@7f g= je¥+3
(e) This corvolution cannot be computed.

346. Let (t) be the solution to the initial-v alue problem ‘(’;—zy + p‘é—’t’ + qy = oft), with
y(0) = yY0) = 0 . Find an expressionfor L[ ].
(@ L[]1=0
(b) L[ ]=s*+ps+q
() L[ ]= 52+7[1,s+q

d) LI[1= o5

s2+ ps+q
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347. Let (t) = 2e ¥ bethe solution to an initial-v alue problem ¢ dt2 Y + p‘(’j—{+ ay = o(t), with
y(0) = y{0) = 0 for somespecic valuesof p and g, sothat L[ ] = What

will be the solution of &¥ + p% + qy = 0if y(0) = 0 and y40) = 5?

s2+ ps+ q

() y=2e
(b) y = 10e
) y=Ze?
(d) y= 2 ™

(e) It cannot be determinedfrom the information given.

348. Let (t) be the solution to the initial-v alue problem ¢ dt2 p + qy = oft), with
y(0) = yY0) = 0 . Now supposewe Want to solve this problem for someother forcing
function f (t), sothat we have ¢ =t pdt + qy = f (t). Which of the following is a correct

expressionfor L[y]?
(@) LIyl=

(b) Llyl=LIfILT ].
© Llyl= .

(d) LIyl= LI[f ]

(e) None of the above

349. Let (t) = e * bethe solution to an initial-v alue problem ¢ dt2 p‘é—{ +qy = oft), with
y(0) = yY0) = 0 . Now supposewe want to solwe this problem for the forcing function
f(t) = e %, sothat we have &Y + p¥ + qy = f (). Find y(t).
@ yt=e* e*
(b) yty=e > e?*
(©) y(t) = ==
(d) y(t) = ==
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