MathQuest: Linear Algebra

Systems of Equations

1. What is the solution to the following systemof equations?

2X+y
X vy =7

1
w

(@ x=4andy= 5

(b) x=4andy=5

(c) x=2andy= 1

(d x=2andy= 1=2

(e) There are an in nite number of solutionsto this system.
(f) There are no solutionsto this system.

Answer: (c). If we add these equationstogether, the resulting equationis 5x = 10:
This givesus x = 2: Substituting bad into the rst equation, we obtain 4+ y = 3,
which givesusy = 1. Studerts may solwe this a variety of ways - by testing the
proposedsolutions, by adding to eliminate a variable, by solving for one variable and
substituting into the other equation, or by graphing. Try to draw out ead of these
methods for a full coverageof possiblesolution techniques.

CC KC MA232 S07:0/0/ 94/6/0/0 time 2:00
CC HZ MA117 S07:9/0/ 67/0/9/15

CC HZ MA232 S08: 14/0/ 86/0/0/0 time 1:50
HHS JG MA232 S08: 0/0/ 100/0/0/0
CHS DP MA232 S08: 0/0/ 100/0/0/0

by Carroll CollegeMathQuest
LA.00.01.010

2. Which of the following systemsof equationscould be represeted in the graph belon?



(@ 3x+3y= 6,x+2y=3
(b) x y= 5 2x+y=4
(c) 8 +4y=12,2x+4y= 8
d x+3y=9,2x y=4

Answer: (c). This is a good problemto emphasizethe many di erent approatesthat
can be used. One approad is to obsene that on the graph, the solution is appraxi-
mately (-2,-1) and to test this in the di erent setsof equations. Another approad is to
put the equationsinto slope-intercept form, recognizingthat we have slopesof 2 and

% along with intercepts of 3 and -2. Still another approad is to solwe the di erent
setsof equationsto nd which givesus the point (-2,-1).

HHS JG MA232 S08: 0/0/ 100/0

by Carroll CollegeMathQuest
LA.00.01.014

3. What is the solution to the following systemof equations?

2X+y
4X + 2y

I
o W

(@ x=0andy=0

(b) x=2andy= 1

(c) x=0andy=1

(d x=0andy =3

(e) There are an in nite number of solutionsto this system.
(f) There are no solutionsto this system.



Answer: (e). The secondequationis two times the rst equation, sotheseare really
represeting the sameline. Note that answer (d) is a point on this line, but it is not the
only solution. The answersto this questionweremodi ed after the spring 07 statistics.

CC KC MA232 S07:0/0/5/5/ 90/0 time 2:00
CC HZ MA117 S07:0/0/0/48/ 48/4 time 2:20

by Carroll CollegeMathQuest
LA.00.01.020

4. Which of the graphsbelown could represen the following linear system?

X y = 2
X+3y = 6
(a) (b)
4 T 4 T T

o
o

M
M

b 2 0 2 4 b 2 0 2 4
X X
(c) (d)
4 4
2 2
> 0 > 0
2 2
g B 0 2 4 g B 0 2 4
X X

Answer: (b). Herewe havetwo equationsfor the sameline, becausehe secondequation
is simply the rst equation multiplied by -3. This rules out (a) and (c) which both
show two distinct lines. From the equations,we can seethat the y intercept of the line
should be -2, which matches(b) but not (d), which hasa positive intercept.

by Carroll CollegeMathQuest
LA.00.01.023

5. Which of the following systemsof equationscould be represeted in the graph belon?



@ x+3y=6,2x+6y= 6

(b) x+3y=6,2x+6y=12

(c) x+ 3y=6,2x+ 6y =12

(d x+3y=6,x+3y= 3
Answer: (d). Options (a) and (b) are not parallel lines, becausethe coe cien ts of x

andy in the rst equation are not multiples of the coe cien ts in the secondequation.
Option (c) givestwo equationsfor the sameline. Thus, the answer must be (d).

by Carroll CollegeMathQuest
LA.00.01.025

. What is the solution to the following systemof equations?

33X+ 2y
12x 8y

4
10

(@ x= 4=B3andy=0

(b) x=1=2andy= 1=2

(c) x=0andy= 2

(d) x=1=B8andy = 5=2

(e) There are an in nite number of solutionsto this system.
(f) There are no solutionsto this system.

Answer: (f). When we add four times the rst equationto the secondequation we
obtain 0 = 26, sothere are no solutionsto this system. Ask the studerts what their
geometricinterpretation is, or have someonesketch this system. They should seethat
theseare parallel lines.

CC KC MA232 S07:0/5/0/0/0/ 95 time 2:00



CC HZ MA117 S07:0/0/5/0/0/ 90 time 2:50

by Carroll CollegeMathQuest
LA.00.01.030

7. We have a systemof three linear equationswith two unknowns, asplotted in the graph
below. How many solutions doesthis systemhave?

4

(@) 0

(b) 1

(c) 2

(d) 3

(e) Innite
Answer: (a). Thesethree linesdo not sharea commonpoint of intersection,thusthere
is no point (x;y) that can satisfy all three equations,sothe systemhas no solutions.

CC HZ MA232 S08:57/0/0/39/0 time 1:20
HHS JG MA232 S08: 50/0/0/50/0
CHS DP MA232 S08:92/0/0/0/8

by Carroll CollegeMathQuest
LA.00.01.035

8. A systemof linear equationscould not have exactly ________ solutions.

(@) 0
(b) 1
(c) 2
(d) innite



(e) All of theseare possiblenumbers of solutionsto a systemof linear equations.

Answer: (c). A systemof linear equationsmay have one solution, an in nite  number
of solutions, or no solutions. If it hasn't already comeup, this would be a good time
to discusswhat ead of thesecasedooks like graphically when we have two equations
in two variables.

CC KC MA232 S07:0/9/ 77/5/9 time 1:00
CC HZ MA117 S07:0/5/ 79/0/11 time 1:15

CC HZ MA232 S08:0/4/ 78/0/18 time 1:15
HHS JG MA232 S08: 0/0/ 33/25/42
CHS DP MA232 S08: 0/0/ 92/0/8

by Carroll CollegeMathQuest
LA.00.01.040

. The system

X+y = 2
2X + 2y

hasanin nite number of solutions. Which of the following descrikesthe setof solutions
to this system?

1
IN

(@ x=1landy=1

(b)) x=2 tandy=1t

(c) x andy could eat be anything.
(d) None of the above

Answer: (b). If y =t,thenx =2 y =2 t This is intendedto be usedbefore
parameterization of solutions has been discussed,and this question should lead the
studerts into that discussion.

CC HZ MA117 S07:26/16/42/16 time 1:45

CC HZ MA232 S08:0/78/18/4 time 2:50
HHS JG MA232 S08: 0/67/0/33

by Carroll CollegeMathQuest
LA.00.01.050



10.

11.

12.

Which of the following options descrikesthe set of solutionsto the systembelon?

x+y =1
x y =20
xX+y = 3
(@ x=1 tandy=t
(b) x=21andy=1

(c) no solution exists
(d) None of the above

Answer: (c). We gety = x from the 2nd equation, and thus x = y = 1=2 from the
rst equation. This solution doesnot satisfy the third equation.

by Carroll CollegeMathQuest
LA.00.01.052

Which of the following options descrikesthe set of solutionsto the systembelon?

X+y = 2
y = 2
X 2y = 4
(@ x=tandy=2 t
(b) x=0andy= 2

(c) no solution exists
(d) None of the above

Answer: (b). There is only 1 solution to this system. As studerts struggle with
parameterization, it is good to remind them that not all systemshave an in nite
number of solutions.

by Carroll CollegeMathQuest
LA.00.01.054

x =3 2tandy =t represen the setof solutionsto a systemof equations. What line
in <? doesthis set of solutions represetr?

(@ x+2y=3
(b)y x 2y=3
(c) x+y=3 t



13.

(d) It isimpossibleto answer this questionwith the information given.

Answer: (a). We can substitute y = t into the equation for x, givingusx = 3 2y:
Studerts have a lot of trouble with the ideaof parameterizingthe solutionsto a system,
sothis questionis an attempt to tackle that ideafrom a di erent angle.

CC KC MA232 S07:100/0/0/0 time 1:10
CC HZ MA117 S07:39/22/22/17 time 1:20
HHS JG MA232 S08: 100/0/0/0

by Carroll CollegeMathQuest
LA.00.01.060

The set of solutionsto a system of linear equationsis plotted belon. Which of the
following parameterizationsrepresets this solution set?

(@ x=2tandy = 4t+ 1
(b) x=13t Jandy=t
(c) x=t landy=2t 1
(d x=tandy=2t+1
(e) All of the above

Answer: (e). All of theseparameterizationsrepresen the liney = 2x+ 1, which is plot-

ted. Many studerts struggle with the ideathat there are many ways to parameterize
a given line.

by Carroll CollegeMathQuest
LA.00.01.065



14. A certain mini-golf coursedoesnot list their prices. | paid $26.25for 3 children and 4
adults. The group in front of me had paid $25.50for 6 children and 2 adults. Which
systemof equationswould allow us to determinethe pricesfor children and adults?

(@)

26:25
2550

3X + 6y
ax + 2y

(b)

26:25
2550

3X + 4y
6Xx + 2y

(€)

26:25¢ + 2550y
9Xx + 6y

5175
15

(d)

(26:25=3)x + (26:25=4)y
(25:50=6)x + (25:50=6)y

I
o O

Answer: (b). Herex is the admissionprice for children, and y is the admissionprice
for adults.

CC KC MA232 S07:0/100/0/0 time 1:00
CC HZ MA117 S07:0/100/0/0
HHS JG MA232 S08: 0/100/0/0

by Carroll CollegeMathQuest
LA.00.01.070

15. A systemof 3 linear equationswith 3 variablescould not have exactly
solutions.

@ 0

(b) 1

(c) 2

(d) 3

(e) More than oneof (a)-(d) areimpossible.

(f) All of (a)-(d) are possiblenumbers of solutions.



16.

17.

Answer: (e). It is not possibleto have either 2 or 3 solutions.

CC KC MA232 S07:0/24/14/0/ 33/29 time 2:30
HC AS MA339 FO7: 0/0/9/0/ 65/26
HHS JG MA232 S08: 0/0/0/33/ 67/0

by Carroll CollegeMathQuest
LA.00.01.080

A linear equation with two variablescan be geometricallyrepreseted asa line in <2.
How can we bestrepresen a linear equation with three variables?

(@) As alinein <?
(b) As aline in <3
(c) As aplanein <3
(d) As avolumein <3

Answer: (c). A linear equationin three variablesis best represeted by a planein <?3.

CHS DP MA232 S08: 0/15/ 69/15
HHS JG MA232 S08: 17/0/ 83/0

by Carroll CollegeMathQuest
LA.00.01.083

We nd that a systemof three linear equationsin three variableshasanin nite number
of solutions. How could this happen?

(&) We have three equationsfor the sameplane.

(b) At leasttwo of the equationsmust represen the sameplane.
(c) The three planesintersectalonga line.

(d) The planesrepreseted are parallel.

(e) More than one of the above are possible.

Answer: (e). Both (a) and (c) are possible. To help studerts visualize (c), point out
that the planescould be like pagesof a book that all intersectat a line alongthe spine
of the book.

HC AS MA339 FO7: 0/0/17/0/ 83

CC HZ MA232 S08:57/0/11/0/ 32 time 2:00
HHS JG MA232 S08:17/0/17/0/ 67

10



18.

19.

CHS DP MA232 S08: 0/0/23/0/ 77

by Carroll CollegeMathQuest
LA.00.01.085

We considera system of three linear equationsin three variables, and visualize the
graph of ead equation as a plane in <3. Supposeno solutions exist to this system.
This meansthat

(@) all three planesmust be parallel.

(b) at leasttwo of the planesmust be parallel.

(c) at leasttwo of the equationsrepreset the sameplane.
(d) noneof theseplaneseer intersectswith another.

(e) None of the above

Answer: (e). If there is no solution, then there are no points where all three planes
intersectsimultaneously and this doesnot require any of the planesto be parallel. For
example, studerts could visualize a triangular prism of the shape often usedto mail
posters: Each planeintersectswith ead of the other two planesalonga line, but there
is no point commonto all three planes. Or visualize two planeswhoseintersectionis
a line, and another plane parallel to that line but o set.

CC HZ MA232 S08:0/63/0/22/ 15 time 2:00
HHS JG MA232 S08: 17/50/0/17/ 17
CHS DP MA232 S08:15/69/0/0/ 15

by Carroll CollegeMathQuest
LA.00.01.086

We have a systemof four linear equationsin four variables. We can think about the
graph of eat equationasa 3-dimensionalvolumein <“. Which of the following could
geometrically represen the solutionsto this system?

(@) A point in <*

(b) A line in <4

(c) A planein <*

(d) A three dimensionalvolumein <4
(e) All of the above

(f) None of the above

11



20.

21.

22.

Answer: (e). Just as a systemof three linear equationsin three variables can have
solutions geometrically represeted by a point, a line, or a planein <3, a systemof
four linear equationsin four variablescan have solutions geometrically represeted by
a point, a line, a plane, or a three dimensionalvolumein <4,

by Carroll CollegeMathQuest

LA.00.01.087

How can we geometricallyrepresenh the parametric equationsx = 2t,y= t+ 1, and
z=1t?

(@) A linein <?

(b) A linein <3

(c) A planein <3

(d) A volumein <3

Answer: (b). Ead value of t gives us a dierent point in <3, and ast changes,
eah of the coordinates (x; y; z) vary in a linear manner, thus these equationscan be
represeted asa line in <3,

by Carroll CollegeMathQuest
LA.00.01.088

A systemof 5 linear equationsand 7 variables could not have exactly
solutions.

(@) O

(b) 1

(c) innite

(d) More than one of theseis impossible.

(e) All of theseare possiblenumbers of solutions.

Answer: (b). It is not possibleto have one unique solution if you have more variables
than equations. There is either no solution, or there are in nite solutions.

CC KC MA232 S07:14/24/0/14/48 time 3:00
HHS JG MA232 S08: 0/0/0/0/100
by Carroll CollegeMathQuest

LA.00.01.090

A systemof 8 linear equationsand 6 variables could not have exactly
solutions.

12



(@) O

(b) 1

(c) innite

(d) More than one of theseis impossible.

(e) All of theseare possiblenumbers of solutions.

Answer: (e). If you have more equationsthan unknowns, then it is possiblethat there
is no solution, and it is possiblethat there is onesolution, and it is possiblethat there
arein nite solutions.

by Carroll CollegeMathQuest
LA.00.01.100

. Howard's store sellsthree blendsof our: standard, extra wheat, and extra soy. Each
is a blend of whole wheat our and so/ our, and the table belov shovs how many
poundsof eat type of our is neededto make one pound of eat blend.

whole wheat our | soy our
0.5 0.5 Standard Blend
0.8 0.2 Extra Wheat
0.3 0.7 Extra So/

A customercomesin who wants one pound of a blend that is 60%wheat and 40%s0y.
Which systemof equationsbelow would allow usto solwe for the amourt of ead blend
neededto ful Il this special request?

(@)

05x;+ 05x, = 1
0:8x1+ 0:2x, = 1
0:3x1+ 0:7x, = 1
(b)
0:5x1 + 0:5x, = 06
0:8x,+ 0:2x, = 04
0:3x;+0:7x, = O
(©)
0:5x; + 0:8x, + 0:3x; = 1
0:5x;+ 02X, + O:7x3 = 1

13



24,

(d)

0:5x1 + 0:8x, + 0:3x3
0:5x4 + 0:2x, + 0:7X3

0:6
0:4

Answer: (d). Sincewe wish to know how much of eat blend we should use,we need
three variables here: one for ead blend. In answer (d), x; represets the amourt of
Standard Blend to use(in pounds), X, represeits the amourt of Extra Wheat Blend,
and x3 represeits the amourt of Extra Soy Blend. The rst equation represets the
amourt of wholewheat our in the new mixture, while the secondequationrepresets
the amourt of soy our in the mixture. This is the rst in a seriesof two questions.
Note: although it may at rst appear that we needthe equation x; + X, + X3 = 1
to assurethat we end up with one pound of the requestedblend, this equationis not
necessarybecausethe requiremen of one pound is usedto compute the right-hand-
sidesof the equations. That is, we need60% of one pound, or 0.6 pounds,to be whole
wheat our. A later questionfollows up on this point by askingabout the units of the
0.6.

by Carroll CollegeMathQuest
LA.00.01.110

In the previous questionyou set up a systemof equationssothat you could nd the
amourt of eat blend neededto make a new mixture. How many solutions must this
systemhave? (You do not needto solwe the system.)

(&) 0
(b) 1
(c) 2
(d) 3
(e) Innite

Answer: (e). Sincethere are more variablesthan equations, this system either has
an in nite  number of solutions or no solution. Since the planes descriked by the
two equationsare not parallel, the systemmust have an in nite  number of solutions.
This could be followed up with a questionto the classabout how we might decide
which solution to use (maybe the store is out of one blend, or maybe the pricesvary
substantially betweenblends). That particular point will be followed up in detail with
guestionsin the GaussianElimination section. This is the secondin a seriesof two
guestions.

by Carroll CollegeMathQuest
LA.00.01.120

14



25. The previoustwo questionsdealt with the system

0:6
0:4

0:5x1 + 0:8x5 + 0:3x3
0:5x4 + 0:2x, + 0:7X3

In the cortext given, what quartity or unit doesO0.6 represet?

(&) pounds

(b) %

(c) pounds

(d) poundsper %

(e) 0.6 doesnot have units

Answer: (a). 0.6 comesfrom taking 60% of the desiredone pound of new blend, so
has units of pounds.

by Carroll CollegeMathQuest
LA.00.01.130

15



