MathQuest: Di erential Equations
Bifurcations

. How many equilibria doesthe di erential equationy®= y? + a have?

(a) Zero

(b) One

(c) Two

(d) Three

(e) Not enoughinformation is given.

Answer: (e). The answer dependson the value of the parametera. If ais [bositive,
then there can be no equilibria. If a is negative then equilibria exist at y = Ca
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. A bifurcation occursif the number of equilibria of a systemchangeswhen we change
the value of a parameter. For the di erential equation g—x = bf2 2, a bifurcation
occursat what value of b?

@ b=0

(b) b=2

(c) b= 2

(d) b= 2=f2

(e) Not enoughinformation is given.

Answer: (a). If bis positive, then we will have two equilibria, f = P 2=h If bis
negative then there are no equilibria. Thus the bifurcation occursat b= 0.
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3. xqt) = 2x2+ bx+ 8. If b= 5 what are the equilibria of the system?

(@ x= 5
(b) x= 3;3
(c) x= 8 2

(d) No equilibria exist and all solutionsare increasing.
(e) No equilibria exist and all solutions are decreasing.

Answer: (c). Equilibria will occurat x = 5 3. Thus we have equilibria at x =
8, 2.
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4. xqt) = 3x*+ bx+ 8. If b= 2 what are the equilibria of the system?

@ x= 8
(b)y x= 2 IO1_2
(c) x=2

(d) No equilibria exist and all solutions are increasing.
(e) No equilibria exist and all solutions are decreasing.

Answer: (d). Equilibria will occurat x = 2 P 4 16, which hasno real solutions.

Thusif b= 2 there are no equilibria. For all valuesof x, x°> 0 and thus all solutions
are increasing.
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5. xqt) = 3x?+ bx+ 8. A bifurcation occurswhere?
p

@ x= b P 16
(b) b= 0
(c) b= 3
(d) b=4



(e) b=8
(f) Not enoughinformation is given.

Answer: (d). Equilibria will occurat x = b P b? 16, and this equation has real
solutionsif b 4. Thusif b< 4thereareno equilibria, if b= 4 thereis oneequilibrium,
and if b> 4 there are two equilibria.
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6. ‘;—? = ¢+ cg. How many equilibria doesthis systemhave?

(a) Two

(b) One or two

(c) Oneor three

(d) Two or three

(e) Three

(f) Not enoughinformation is given

Answer: (c). g= 0is an equilibrium Bf this systemfor any value of c. If ¢ is negative
then two other equilibria are g = c. If cis positive, then there are no other
equilibria. Thus the systemhas either one or three equilibria, depending on the value
of g, and a bifurcation occursat g = 0.
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7. A bifurcation diagram plots a system's equilibria on the y axis and the value of a
parameteronthe x axis. Considerthe bifurcation diagrambelon. When our parameter
is a= 5, what are the equilibria of the system?



(@ y=0andy=3

(b) y=5

(c) y=4andy=6

(d) Not enoughinformation is given.

Answer: (c). On the diagram,we nd a= 5 on the horizortal axis, which correspnds
toy = 4 andy = 6 on the vertical axis.
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. Considerthe bifurcation diagram below. If our systemhasequilibriaaty = 1,y = 3
and y = 5 what is the value of the parametera?




@ a= 1

(b) a= 0

(c) a=1

(d) a=3

(e) a=5

(f) Not enoughinformation is given.

Answer: (d). We nd y = 1,y = 3,andy = 5 on the vertical axis at the location
wherea = 3 on the horizonal axis.
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9. Considerthe bifurcation diagram belowv. At what value of a doesthe systemhave a
bifurcation?

8

(@ a=0
(b) a=2
(c) a=4
(d) a=6
(e) a=8
(f) Not enoughinformation is given.



10.

11.

Answer: (d). For valuesof a < 6 the systemhastwo equilibria and for valuesof a > 6
the system has no equilibria, soa = 6 is a bifurcation point, where the number of
equilibria changes.
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Which of the following di erential equationsis represeted by the bifurcation diagram
belon?

5
= 0
0 1 2 3
a
(@) y°=y?+ a
(b) y°=ay* 1
(c) y°= ay

(d) yo= y?+ay+ 2

Answer: (b). The equilibria of this systemare equalto y = pl—a which correspnds
to the curvesplotted in the bifurcation diagram. CC KC MA334 S08:0/77/18/6 time

3:30
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The gure onthe left is a bifurcation diagram, and the gure on the right plots se\eral
solution functions of this systemfor one speci ¢ value of the parameter. The gure on
the right correspndsto what value of the parameter?
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(@ c=0
(b) c=2
(c)c=14
(d) c=6
(e) c=8

Answer: (c). The solutions trajectories are corverging from a stable equilibrim at
y 1.6 and diverging from an unstable equilibrium at y  4:5. On the bifurcation
diagram, theseequilibrium valuescorrespnd to a parameterof c = 4.
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