MathQuest: Di erential Equations

Mo deling with Systems

. In the predator - prey population model

% = ax a_x2 bx
dt N Y
%’ = cy+ kxy

with a> 0,b> 0,c> 0,andk > 0,
which variable represets the predator population?

(@) x
(b) &
€y
@ &

dt

Answer: (c). Sincewe have y®increasingdue to interactions betweenx andy, y must
be the predator in this system. We want to make sure that studerts know how to
interpret the terms of a model. It would be good to discussthe form of the ‘j'j—ﬁ equation
sostuderts seethat ax ax2=N represets logistic growth.
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. In which of the following predator - prey population models doesthe prey have the
highestintrinsic reproduction rate?

(@)
P 0
QO

2P 30 P
Q+1=2Q P



(b)

P’ = P(1 4Q)

Q° = Q( 2+ 3P)
()

P> = P(B3 20Q)

Q° = Q( 1+P)
(d)

PO = 4P(1=2 Q)

Q° = Q( 15+ 2P)

Answer: (c). The rst task is to gure out which is the prey. In all models, we have
a negative interaction term in the P° equation, so P must be the prey. The largest
intrinsic growth rate will be the largestcoe cient onthe P term - which is 3 in system

().
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. For which of the following predator - prey population models is the predator most
successfuht catching prey?

(@)

% = 22X 3X Yy

% = y+1=2x vy
(b)

((jj—)t( = x(1 4y

Y=y 23



(©)

dx

at X3 2y)

Y= yw1ew
(d)

dx ~

o aX(1=2 )

Y= oy 124

Answer: (b). Wemust rst decidewhich is the predator. We have a positive interaction
term for the x° equation in ead system,so x is the predator. We assumethat most
successfulat catching prey would imply the greatestincreaseto x° occuring in the
interaction. System(b) hasthe largestcoe cient, 3, on the interaction term.
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. In this predator - prey population model

% = ax + bx
dt y
dy _

G cy dxy

with a> 0,b> 0,c> 0,andd > O,
doesthe prey have limits to its population other than that imposedby the predator?

(@) Yes
(b) No
(c) Can not tell

Answer: (b). The prey in this caseis y, sincewe have a negative interaction term. In
the absenceof interactions, the prey population grows without bound (y°= cy), thus,
no there are no growth limits other than thoseimposedby the predator.
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. In this predator - prey population model

% = ax a_x2 bx
dt N y
%’ = cy+ kxy

with a> 0,b> 0,c> 0,andk > 0,
if the prey becomesextinct, will the predator survive?

(@) Yes
(b) No
(c) Can not tell

Answer: (a). Sincewe have a positive interaction term in the y° equation, y is the
predator here. If we had a 0 population for the prey, we are left with y°= cy, and the
predator's population will grow without bound.
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. In this predator - prey population model

d _ o
de N y
dy

— = +

at cy + kxy

with a> 0,b> 0,c> 0,andk > 0,
are there any limits on the prey's population other than the predator?

(@) Yes
(b) No
(c) Can not tell



Answer: (a). In this model, the prey must be x, since x® has a negative interaction
term. If we factor x% we endup with x°= ax(1 x)  bxy. In the absenceof predators,
we have logistic growth for the prey.
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. On Komodo Island we have three species: Komodo dragons (K ), deer (D), and a
variety of plant (P). The dragonseat the deerand the deereat the plant. Which of
the following systemsof di erential equationscould represem this scenario?

(@)

K® = aK bKD
D° = cD+dKD eDP
P° = fP+gDP
(b)
K® = aK + bKD
D° = c¢D dKD + eDP
P° = fP ¢DP
(©)
K = aK bKD+KP
D° = ¢cD+dKD eDP
P = fP+gDP hKP
(d)
K = aK+bkKD KP
D° = ¢D dKD + eDP
P = fP gDP+ hKP

Answer: (b). Standard systemsmodeling question. This will take studerts a while.
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. In the two speciespopulation model
RO
FO

2R DbFR
F+ 2FR

for what value of the parameterb will the systemhave a stable equilibrium?

(@) b< O
(b) b=0
(c) b>0
(d) For novalueofb

Answer: (c). Understandinghow to nd and interpret equilibria
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. Two forces,x andy, are ghting oneanother. Let aandbbethe ghting e ciences of x
andy, respectively. Assumethat forcesare lost only to combat, and no reinforcemeits
are brought in. What systemrepresets this scenario?

(@)

dt y

dy _

a—bx
(b)

dx

a - W

dy _

a—ax
(c)

a 7

dy _

a—xb
(d)

dx

R

dy _

a—xa
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Answer: (b). x will loseforcesat a rate proportional to the sizeof y, with constart of
proportionality equalto y's ghting e ciency, b. We nd the equation for y similarly.
This is the rst in a sequencef v e questionson the Lanchester Combat model.
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Two forces,x andy, are ghting oneanother. Let aandbbethe ghting e ciences of x
andy, respectively. Assumethat forcesare lost only to combat, and no reinforcemeits
are brought in. How doesthe sizeof the y army changewith respect to the sizeof the
X army?

@ F=%
dy —
O %=1}
) g=1%
d) §= by ax
Answer: (a). & = dy=dt _ ax. |t may be helpful to review derivatives of parametric

) dx _dx=dt by * T ) ;
equationsbeforedoing this problem. This is the secondin a sequencef v e questions

on the Lanchester Combat model.
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Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
conmbat, and no reinforcemeis are brought in. Basedon the phaseplane below, if
x(0) = 10and y(0) = 7, who wins?



12.

(@) x wins

(b) y wins

(c) They tie.

(d) Neither wins - both armiesgrow, and the battles escalateforever.

Answer: (a). With this starting condition, we nd that x wins with about 5 units
of strength remaining wheny has beencompletelykilled o. This question could be
followed up by askingabout other starting positions. Following the other trajectories
shown, if we have x(0) = 10 and y(0) = 8 the battle endsin a tie. If y(0) > 8
for x(0) = 10then y wins. This is the third in a sequenceof v e questionson the
Lanchester Combat model.
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Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
combat, and no reinforcemetts are brought in. Basedon the phaseplane below, which
force hasa greater ghting e ciency?
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(a) x hasthe greater ghting e ciency.
(b) y hasthe greater ghting e ciency.
(c) They have the same ghting e ciencies.

Answer: (b). If both forcesstarted with equal numbers, the graph shavs us that y
would win. Thus, y must have the greater ghting e ciency. The explanation could
alsobe tied directly to the slope of the \tie" line. This is the fourth in a sequenceof
v e questionson the Lanchester Combat model.
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Two forces,x and y, are ghting one another. Assumethat forcesare lost only to
combat, and no reinforcemems are brought in. You are the x-force, and you want to
improve your chanceof winning. Assumingthat it would be possible,would you rather
doubleyour ghting e ciency or double your number of soldiers?

(a) Doublethe ghting e ciency
(b) Double the number of soldiers
(c) Thesewould both have the samee ect



Answer: (b). The \tie" line hasthe equationy = P a=Ix, sowe fare better by doubling
x(0) than by doubling a. (a and barethe ghting e ciencies of x andy, respectively.)
This is the last in a sequenceof v e questionson the Lanchester Combat model.
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